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Abstract: The effect of the knowledge acquisition bottleneck is still limiting the
widespread use of knowledfpased systems (KBS), especially in the area of model
tracing tutors, as they demand the developmerteepp domain expertise, tutoring and
student models. The MATHESIS metathoringframework for modetracing tutors,
presented in thishesis aims at maximizing knowledge reuse. This is achieved through
ontological representation of both the declarating procedural knowledge ofraodel
tracing tutor (MTT) as well as of the declarative and procedural authoring knowledge of
the process to developMTT. Declarativeknowledgeis represented in Ontology Web
Language (OWL). Procedural knowledge is repressensing the concepts of atomic and
composite processes of OWR. web services description ontology. The framework
provides authoring tools, integratedi nt o t he Prot ®g® OWL ontol o
development and management of MET6 s o nt o | orgation.dtlalsorpeydese s e
metaauthoringtools for the ontological representation of thehoringexpertise as a set
of compositeauthoringprocesses and atormacithoringstatements. The latter constitute a
language ONTOMATH, for building executablauthoring models that, when executed by
the tools, guide neexpertauthorslike domain experts to the creation of new medel
tracing tutors.The framework being in an experimental stage, was used for the
development of a monomial multiplication and divisiariot. However, the overall
design and implementation aimed at constituting the framework as aqfrooncept
systemthat can be used for the mekaowledge engineering ahore complex model

tracing tutors

Vi



Table of Contents

IS A ) =] =S PP X
IS o ) T P Xi
Chapter 1: INtrodUCHION.........cooiiiiiiiieeee e 17
1.1 TheProblem... ... 17
1.2 MOTIVALION ...ttt et arnne e e e e e e e e e e e e eeeeeennnne 20
1.3 CONtriDULION. ...t a e e e e e eas 22
1.4 Summary Of RESULLS..........uuiiiiiiiiiiiii e 24
Chapter 2: The MATHESIS Algebra School...........ccccoooiiiiiieeciiiiceiee. 28
Y2200 R [ 1 0T [ Tod 1 o] o 28
2.2 The MATHESIS Algebra TutQr...........coooeeeeiiiiiiieeee e, 31
221The Tutor 6s Doma.i.n..Ex.p.e.r.t.i3% e
2.2.2Intelligent Task Recognitian................oovvvviiiineeeieeeeeiiinnnns 39
2.2.3The Tutoring Model: Deep Model Tracing With Intelligent Task
RECOGNILION......cccviiiiiiiiiiii e reeeene e A
2.3 The Learning Management SYSem...........coouveririiiiccceeeeeeeeeeeeees 57
2.4 Related WOIK......ccoviiiiiiieiee e 63
2.5 Evaluatio of the MATHESIS System...........ccccciviiiiiiiieenniiiinne 66
2.5.1Evaluation by TeacChers.............ouvvvuviiiicceeeee e 67
2.6 Discussion and Further WarK...........ccccooovoeiiieeeciiiiieieeee e 75
Chapter 3: The MATHESIS Metauthoring FrameworK....................c.ovveet 79
I 200 I [ 11 0T [ Tod 1 o] o 79
3.2 BacCKgroUNd..........oooiiiiiiiiiiiiemme e s 81
3.2.1 Related WOrK......uueiieeiiee e 81
3.2.2 Ontological Engineering and the Knowledge Gap Prohler@6
3.3 An Overview of the MATHESIS MetAuthoring Framework........... 88
3.4 TheONTOMATH MetaKnowledgeEngineering.anguage................ a3

3.4.1 Procedural Knowledge Representation: The é8\Rrocess Model

............................................................................................ 94
vii

Mo d el



3.4.2 Procedural Authoring Knowledge Representation:GNmeOMATH

F= T o [U = Vo = 97

3.5 The MATHESIS Authoring TOOIS...........cooiiiiiiiiireee e 101

3.5.1 The Tutor Authoring TOOIS..........cccovviiiiiiiiiieeee e, 101

3.5.2 The Authoring Processes (Métathoring) Tools................ 107

Chapter 4: Tutor Authoring in the MATHESIS Framework...................... 113

7000 [ 0 o (3 Tox 1 o SRS 113

4.2 Tutor INitIaliZation............oooiiiiiieeee e 114

4.3 Cognitive model initializatiQn.............ccoviiiiiieen, 117

4.4 Tutoring model initialization..............ccooevvviviie e, 121

4.5 Program code Model............coooiiiiiiiiimmmne e 124

4.6 Interface model initialBtioN...............coooiiiiiiiieenne e 126

4.7 Execution of Authoring ProCesses.........cccccvvvviiiiiccceeeee 128

Chapter 5: DiSCUSSIQN.........cccoiiiiiiiiiiiieeme e e e e e 152

5.1 Knowledge reuse and scalability................eeeeiiiiieeeiiiiiiiieiiiinnnnnn. 152

5.2 Conclusions ahfurther Work..........ccccccoiiiiiiiicccc, 156
Appendix A: Complete Math Domain Cognitive Model of the MATHESIS Algebra

B IL0 o PP R PP PRSP 160

AL. Monomial MURIPlICAtION:........eeeiiiiiiiiiiiiie e 160

A2. MONOMIAI DIVISION.......uuiiiiiiiiiiiiiiiieieieeeiiriiie e e e e e e e e e e e e e aaae s 160

A3. Collection Of LiKe TeImMS......cccvuvuiiueiiiines e e e e e e e e e eneas 161

A4, MONOMIAl POWEL.......ccoiiiiiiiiitteeee e eeeee e 161

A5. Monomial by Polynomial Multiplication................ccccccviimmnniinne 162

A6. Polynomial by Polynomial Multipdiation..............ccccoeeeiiiiiiceeinnnns 162

A7 Parent hes.e.s.0..El.i..mi.n.at.i.a.n.....J162

A8. Square of Sum/Difference EXpansion..........ccccceeeeeeeeceeeiiiceeeennn. 163

A9. Product of Sum by Difference EXpanSiOn..............ceevevveieeeeeeeenn. 164

A10. Cube of Sum/Difference EXpansion..............cccevuvviieceienieeeeennns 164

Al1l. Factoring by Common Factor...........cccccuvviiiiimmmnniiiiiee 166

A12 Factoring by Difference of SQuares...........ccccceeeeieviieemeecceiieeenn, 167

viii



A13. Factoring by Sum of Cubes.............coooii 167

Al4. Factoring by Difference of Cubes.........cccoooeeviiiiiiieeciiiieeeee 169
A15. Factoring by Square of Sum/Difference............ccccevvvviieeeneeenn. 170
Al6. Factoring the Quadratic FOrm...............vuvvviiiicreeeeiieee e, 170
Al7. Factoring by TernGrouping........ccooeeeeeiiiiiiiiiemme e 171

Appendix B: TheONTOMATH Atomic Authoring Statements Reference....174

B1l. OntoMath_Browse StatementsS.........ccoeveeeeeeiiiceeiiiieee e 174
B2. OntoMath_Collection Statements.................vvvvvvicccereeeeeeiininnnnns 174
B3. OntoMath_String Statementis............covuvvvvviiiccceeeeiiiiiiee e 175
B4. OntoMath_Dialog Statements.............cccoovvviiiieeee e, 175
B5. OntoMath_Ontology_Editing Statements.............ccoevvvvvvieeeeeeennn. 176
B6. OntoMath_Tutoring_Processédliting Statements...................... 179
B7. OntoMath_Ontology Predicates...........cccceeveiiiiiiccciiieeees 179
RETEIENCES. ...t e 180



List of Tables

Table 2.1Expandingp @3p @ p inthree differat ways........cccccceuunnneee 38
Table 2.2. Alternative Path for Factorimgd@ X T W.eeoriviiiiiiiiiiiiiiinnn 55
Table 2.3The FineGrained Student Model: Solution Steps........................ 56

Table 2.4. Perfortmaeaceommorkf hattdcCal cThe
2/A=5090. ... e 57

Table 2.5. Evaluation results given by forty (40) math teachers after ahibuee
handson workshop (questions are translated from Greek)......69

Tale 2.6. Evaluation results given by twenty (20) students after athoeéh period
(questions are translated from Greek)..........ccccooeeeeeveeeeecceennn, 71

Table 2.7. Studentsdé performanced i se by

Table3.1 Common control constructs supported by the G8Vjirocess mod€I6

Table 3.2. Th®©ONTOMATH Statements and their operations........................ Q9

per

t he



Fig.
Fig.

Fig.

Fig.

Fig.

Fig.

List of Figures

2.1. The MATHESS Algebra Tutor Interface.............ccccvvviveeiiieeciinnnnens 32

2.2. MathML Presentation code for expressiod@ X 1 Ubefore and after
intelligent task reCcognitian.............uuvveiiiniiieeeeee e 40

2.3 Mathematical objects created by intelligasktrecognition for expression

T D@ X T Wit e 41

ig. 2.4. The student pr & pammen tFlee toper & trioam

the dropdown list of supported operations to be applied to the selected

EXPTESSION.. ...ttt ettt e eree et e ettt e e e e e e e e e e e e e e e rmme e e e e e e e e e e a e 46

ig. 2.5. The tutor checks and confirms the

Factoro through messages 2.1 and 2.2 ('t
question here is 4, denoted by the empty square scaffold in the
AANSWERI NG SPA Ofdghta.t..e.a.....(..h.0.t.47
2.6. The tutor confirms the entered common factor and asks for the first quotient
by messages 2.3 and 2.4 (top). The quotient under questiod &
Xd @a3 x denot ed' *pVisyaffblekin the
AANSWERI NG SPACEAQ...ar.ea...(.r.i.g48t ) .
2.7. The tutor confirms the first quotient and asks for the second quotient through
messages 2.7 and 2.8 (top). The quotient under questiogifis p ¢
denoted by the empty square scaffold i1
ArEA (NMGNT). .ttt 49

2.8. Successful completion of the common factor method in expres&i@

Xi



Fig. 2.9. Successfaompletion of the monomiglolynomial multiplicationd g2

Fig. 2.10. First step of factoriig X @ p ¢ The student must identifQA 0
P CANdA A 3 X 52
Fig. 2.11. Responding to a student error. The tutor displays an error message, gives

help (top, message 6.4) and asks for the correct answer (rigtip

Fig. 2.12. Sucessful completion of factoring @@ X T Weeeeorreeeeeernneeeen. 53
Fig. 2.13. The Student Model: Skill Performance Statistics........................ 57
Fig. 2.14. The..Teac.hers.d.. . Menu........ 58
Fig. 2.15. The Classesafiagement Page...............ueveviiiiiiiceeiiiniiiiiiiiieeeeenn 58

Fig. 2.16.Test Paper Editing. The author has just created exercise no. 22 using the
HTML editor (b) and inserted expressiond®@ x 1 yior the first

question using the math editor (c). The paper is showth@right with

the newly added exercise at the bottom (d).............cceuveerieeensd 60
Fig. 2.17. Individualized Assignment of Exercises to Students.................. 61
Fig. 2.18. Student Assessment: Selecting a Solved EXercise.................... 62
Fig. 3.1 The MATHESIS Met&uthoring Framework...............cccoocvviieeeneen. 92

Fig. 3.2. The MATHESI S Tool s aspedfict ab widget
(modettracing) Tutor Authoring Tools, (b) Authoring Processes (Meta
Authoring) Tools, (c) The MATHESIS Ontology Tab............... 93

Fig. 3.3. Top level of the OWAS processontology (from Martin et al., 2005).96

Fig. 3.4. Part of th©&NTOMATH Authoring Processes Ontology................... 98

Fig. 3.5 The Tutor Initialization TOQIS............ccccviiiiiiiirce e 101

Fig. 3.6 The XML DOM tree of the MATHESIS Algebra Tutor interface..103

Fig. 3.7 The Tutoring Processes Advanced Authoringslool..................... 104
Xii



Fig.
Fig.
Fig.
Fig.

Fig.
Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

3.8 A newly created Tutoring ProCeSS........cccoevvviiiiiiiccceeeeee e 104
3.9 The Calling Sequence Tree for Tutoring ProoegdsiplyMainParts..105
3.10 The Authoring ProcessesdtdAuthoring) Tools.............cccceeveeee 108
4.1. The Modelracing Tutor Authoring Tools Window: (a) The Tutor
Initialization Tools, (b) The Advanced Tools for Tutoring Processes
Authoring, (c) Tree representation of tutoring procdssdel-Tracing-
Algorithm for theexecute-monomial-multiplication task......... 114
4.2. The topevel ontological representation of the tutor.................... 115
4.3. Author is prompted by the tools to enter the nainaenewly created tutor
1] 7= T ol T PPPPRRRT 116
4.4. (a) ThéTS_Implemented hierarchy (b) Instancenonomial-

multiplication-tutor is selected (c) Properties of the selected instance

4.5. Author is prompted by the tools to enter the name of a newly created
cognitive task iNSTANCE...........ooevviviiieeiiieeee e e 117
4.6. (a) Théomain_Task hierarchy (b) Instancexecute-monomial-
multiplication is selected (c) Properties of the seleatsthncel18
4.7. (a) ThéTS-Teaching-Model hierarchy. (b) Instancexecute-monomial-
multiplication-Model-Tracing-Algorithm has been selected. (c)
Properties of the selected instance are shown...................... 119
4.8. (a) Théomain-Knowledge-Component hierarchy. (b) Instance

monomial has beerselected. (c) Properties of the selected instance are

4.9. Representation of the JavaScript funatirtiplyMainParts ........... 124

Fig.4.10 Part of th@avaScript_Statement ontology.............cccccviiieiiiienee. 125

Xiii



Fig.

Fig.

Fig.
Fig.
Fig.
Fig.

Fig.

Fig.
Fig.
Fig.
Fig.
Fig.

Fig.
Fig.

Fig.
Fig.

4.11. The HTML User Interface DOM Ontological (left) and Visual (right, top)
REPrESENTALIQN......uuviiiiiiiiiiiei et 127
4.12. The Authoring Processes Authoring (M&tdhoring) Tools displaying
Authoring Procesauthoring_task _present_domain_task......129
4.13. Thadentify_input_knowledge_components authoring process.132
4.14. Locating anonomial instance in the ontology...........ccccceveeeeeenne. 134
4.15. Creating a new instancenodnomial ..............cccevvvvviiviimnnneeneeenee. 135
4.16 InstanceurrentAuthoringSession for themonomial-multiplication-tutor
............................................................................................... 136
4.17. Thalefine-interface-elements-for-input-knowledge-components
AULNONNG PrOCESS.....eiiiiiiiiiiiiiiee et 137
4.18 Theadd-interface-element-to-DOM authoring process............... 139
4.19 Ontological representation of a monomial tutor with its user intédace
4.20 Authoring processefine-variables-for-interface-elements........... 142
4.21 TheexpressioninputControl JavaScript variable......................... 143
4.22 Thedefine_code_to_initialize_interface_elements authoring process
............................................................................................... 144
4.23 ThegetHTMLElementProperty authoring process...................... 145
4.24 Ontological representation of JavaScript statement
expressionlnput Control =get Elldment Byl d (i
4.25 Authoring procesget_interface_element_reference................... 148
4.26 Tutoring processxecute-monomial-multiplication-Presentation .149

Xiv



CHAPTER 1



16



Chapter 1: Introduction

1.1 THE PROBLEM

The main goal of this thesis is the development of an ontddaggd authang
framework for the development of modehcing tutors (MTT) for mathematics. The
purpose of the framework is to encode the knowledge of expert authors of MTTs and
make it available and reusable to other authors, either equally or less expert. This
framevor k is called MATHESI S, the Greek word |
Amat hemati cso.

Intelligent tutoring systems (ITS), partlady modeltracing tutors have been
proven quite successful in the area of mathematics (Koedinger, Anderson, Hadley, &
Mark, 1997; Koedinger & Corbett, 2006). Despite their efficiency (Corbett 2001), these
tutors are expensive to build both in time and human resources (Aleven, McLaren,
Sewall, & Koedinger, 2006). This is due to the wealbwn knowledge acquisition

bottlenek (Hoffman 1987), comprising the extraction of knowledge from domain

17



CHAPTER 1: INTRODUCTION

experts, the representation of this knowledge and its implementation in effective
knowledgebased systems.

Knowledge acquisition and its counterpart, knowledge reuse, have been proven to
be the key problems for the development of expertise models, the models that represent
and produce the problesolving knowledge in knowledgeased systems. The main
consequences are:

1 High development demands in human resources, time and money.
Demand fokknowledge engineers possessing significant expertise.
Shallow, incomplete or even incorrect expertise models.

Difficulties in modifying and/or expanding the expertise models.

= == =4 =2

Inability to reuse developed expertise models in similar or new knowleaiged

systems (an effeovtende ngrithed wheefing .

In the case of MTTs, the knowledge acquisition bottleneck gets even more serious
as these systems must contain two expertise models:

I.  The domain expertise moder problem solver which representthe problem
solving knowledge of the tutored domain. This model is used to produce the valid
solution steps of the tutored problem and allow the tutor to provide guidance and
feedback to the student.

ii.  The pedagogicalor tutoring model which represents ¢éhteaching knowledge of
the system such as how to present the problem, what praolemg tools to
provide to the students for entering their solution steps, when and how to give

help, what kind of help/guidance to give etc.

18



1.1 The Problem

In turn, these models affedirectly the design of thaser interface modglvhich
orchestrates the interactions between the aforementioned two models to produce the
desired tutoring behaviour. In addition, some MTTs require the development of another
model, thestudent modelwhichr e pr esent s studentsd mastery o
model is used by the system to provide stu@latpted tutoring either within problems
(micro-adaptation) or between problems (maadaptation).
The most difficult model to build is the domain exse model. At the same
time, it is the most critical one since it defines:
. The threadthrth@atgs, how many domain skills it can teach.
i.  The tdepthothratiss how complex skills, in terms of the sKills contained,
it can teach.
iii.  The tute Ogmanularity, that is, how finegrained are the solution steps that the
tutor can produce and guide.
iv. The t scalabilityps t hat i s, the ability to reuse

model for extending its breadth and depth.

Despite the effortsadvancements and successes in the currently developed
authoring frameworks and the corresponding tutors, these frameworks have worked
around the knowledge acquisition problem rather than confronting it directly. As a
consequence, most of the developed rtutsuffer from limited depth and breadth,
whereas those having broader and deeper domain expertise modelérenffscalability
issues. Thenotivationof this thesis is to develop an authoring framework that dedl
directly with the knowledge acquigit problem in order to produce tutors that cover

broader and more complex domains in a scalable way.

19



CHAPTER 1: INTRODUCTION

1.2MOTIVATION

In an extensive survey of authoring tools, Murray (2003a) concluded that they
suffered from a number of problems such as isolation, fratatien and lack of
communication, interoperability and -vsability of the tutors they build. The same
problems had been identified three years earlier in (Mizoguchi & Bourdeau, 2000). These
problems are not specific to the domain of ITS authoring, as fieaetrate the whole
area of expert systems development (Lenat & Guha, 1990; Lenat, 1995). A highly
promising solution to all of them @ntological engineeringthat is, the development of
ontologies that represent declaratively the expertise thanbedei any intelligent system
(Mizoguchi, 2004). The main advantages of ontologies are that:

I.  They impose a systematic and structured development of knowledge, just like
developing a mathematical theory with definitions, properties, axioms and
theories, and

ii.  The developed knowledgbkeing in a declarative forns open for inspection and

therefore most-P®rerusibipeg(be&€mexcho, 2004)

Based on the success of the ontological engineering approach in the domain of

expert systems (Aitke & Sklavakis, 1999; Lenat, 1995; Sklavakis, 1998), as well as in

the domain of intelligent tutoring systems ( Mizoguchi, Hayashi, & Bourdeau, 2009), two

research goalwere set:

i.  The complete ontological representation ofa médelaci ng t uthatr 6 s mod

is, the user interface, the tutoring model, the domain expertise model, the student
model, as well as of the authoring knowledge that was used to build these models,
and

ii.  The extensive use of standardized languages and publicly available modular tools

20



1.2 Motivation

For these reasons, a bottamp approactwas adopted: Initially, the MATHESIS

Algebra Tutor was developed to be used as a prototype target tutor (Sklavakis &
Refanidis, 2008 Sklavakis & Refanidis 20331t is a modefracing tutor that teaches
expansiao and factoring of algebraic expressionsviig knowledge reuse as its primary
design guidelinesthe tutoris implemenéd using HTML for the user interface and
JavaScript for the domain expertise and tutoring models. The primary interface element is
Desgn Sciek e 0s We b EqQq | nplyan editar riot displayingagng editing
mathematical expressionBhe WebEq Input control is scriptable through JavaScript and
uses MathME to represent algebraic expressiofitie tutor has a cognitive model of
consicerable breadth, depth and granularity, easily scalable. Then, based on the
knowledge used to develop the MATHESIS Algebra Tutor, an initial version of the
MATHESIS ontology has been developed using the Ontology Web Languayé.3
(Sklavakis, & Refanidis201) . The ont ol ogy was developed wu
editort. As this first version of the ontology was developed in a betipndirection, it
emphasi zed on the representation of the tutoc
domain expdise models. The ontology also contained a representation of the authoring
knowledge at a rather conceptual level. At the final stage, genericaugiaring tools
were develope@Sklavakis & Refanidis, 2034 These tools include:

i.  An executable authoringahguage, ONTOMATH, based on the process model of

OWL-S,

1 http://www.dessci.com/

2 http:/lwww.w3.org/Math/

3 http://www.w3.0rg/TR/owdfeatures/

4 http://protege.stanford.edu

5 http://www.w3.0rg/Submission/OWS/

21



CHAPTER 1: INTRODUCTION

ii.  Editing tools for the development dDNTOMATH executable authoring expertise
models, that is, an ontological representation of the declarative and procedural
authoring knowledge, and

iii.  Aninterpreer for executing th©ONTOMATH authoring models.

These tools constitute the MATHESIS authoring framewor& agetaauthoring
framework In an authoring framework the tools allow expert authors to directly develop
the various models of a tutor. e MATHESIS metaauthoring framework expert
authors, using th©ONTOMATH language, build executable authoring models that encode
their authoring knowledge of how to build a tutor. When these authoring models are
executed by nomexpert domain authors they guide rthén developing the ontological
representations of the tutorsd models. These
translated into program code that implements the tutors.

Using these tools, an authoring model was developed that, when exectbed by
interpreter, guides a trained domain author (teacher of mathematics) to build the
ontological representation of a modeicing monomial multiplication tutor identical to
the one contained in the original MATHESIS Algebra Tutor. In parallel, special
auhoring tools have been developed for the authoring of roalehg tutors. These
tools are used to support the matahoring tools in the development of the executable
authoring model by automating some Hepel authoring processes of the MTT under
dewelopment and providing visualization and browsing facilities for the inspection of the
tutorodos developed model s. Al authoring tool

using Java.

1.3CONTRIBUTION

During the research for this thesis, the followingtributions have been made:

22



1.3 Contribution

A. Publicationsand System Demonstrations
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Springer.
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2009),(p. 795). AmsterdanOS Press

Sklavakis, D, & Refanidis, I. (2008). The MATHESIS Ontology: Reusable
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2009), (pp86-90).
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Heidelberg Springer.
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EducationVol. 22 (2) (pp. 192218). Amsterdam: 10S Press.

Sklavakis, D., & Refanidis, I. (2014). The MATHESIS m&towledge
engineering framework: Ontologdriven development of intelligent tutoring
systemsApplied Ontologywol. 9 (3-4) (pp. 237265). Amsterdam: 10OS Press.

B. Software
1 The MATHESIS intelligent Algebra Tutoring System (Section 2)
(http://users.sch.gr/dsklavakis/mathesis/en/MATHESIS Main Framesgt.htm

1 The MATHESIS Authoring Tools (Sections 3 and 4)
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1 The MATHESIS ontology (Secti@8 and 4)
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CHAPTER 1: INTRODUCTION

1.4ASUMMARY OF RESULTS

Two are the main results of this thesis, one concerning the MATHESIS Algebra
Tutor and the other the MATHESIS metathoring framework.

First, he MATHESIS Algebra Tutor is a successfub@kof-concept system
(Skavakis & Refanidis, 2013)The basic researchesult is that, in order to build
successful intelligent reavorld tutoring systems, we must build powerful domain
expertise models. The engineering of such broad and deep modetsdwesdome the
common obstacle of all expert systems, the knowledge acquisition bottleneck: the
extraction of the expertise from domain experts and its representation in efficient ways.
In the domain of knowledge engineering, the most profitable solugpmhounow is
knowledge reuse, which is achieved through open, modular, interchangeable,- inspect
able, formal knowledge representations and system implementations (Aitken & Sklavakis
1999). Equally important, the models must be deep and broad, having basis®f low
level knowledge about simple task performance, on top of which is built the knowledge
for performing higher level domain tasks. Otherwise, models are brittle (Lenat & Guha
1990), performance is limited, scaling up is intractable and the sys$teinto cope with
realworld demandsThe MATHESIS Algebra Tutor incorporates all these characteristics
that make it a successful reabrld intelligent tutoring system.

Second, the MATHESIS metuthoring framework achieves the development of
broad, dep, granular and scalable authoring models. It allows the ontological
representation of expert authoring knowledge in an arbitrary breadth, depth and
granularity in the form of executable auth
authoring scalable bgprealing its load over various levels of reusable authoring
processes and over varioasthors, experts and naxperts, that can reuse them by

browsing, locating and modifying the{8klavakis & Refanidis, 2034
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1.4 Sunmary of Results

In Chapter 2 the MATHESIS Algebr@choolis describedwith emphasis on the
MATHESIS Algebra Tutoraround which the school iguilt. Chapter 3 describes the
MATHESIS metaauthoring framlework and its constituent partsRelated work is
presented separately for the MATHESIS Algebra Tutor (Section 2dis@parately for
the MATHESIS framework (Section 3.2Lhapter 4 describes how the framework was
used to develop a monomial multiplicationodettracing tutor Finally, Chapter 5

discusses the results of ttesearctas well as further research directions.
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Chapter 2. The MATHESIS Algebra School

2.1INTRODUCTION

Oneto-one tutoring has proven to be one of the most effective ways of teaching.
It has been shown (Bloom 1984) that the performance of the average student under an
expet tutor is about two standard deviations above the average performance of the
conventional class (30 students to one teacher). That is, 50% of the tutored students
scored higher than 98% of students in the conventional class. However, it is also known
that oneto-one tutoring is a very expensive form of education. Due to this cost, we are
still in the era of mass education, struggling to raise the teacher to student ratio. The

problem of designing and implementing educational environments as effective as

3t

indi vi dual tutoring was termed by Bloom as

mat hemati cal symbol of standard deviati on,
The implementation of the orie-one tutoring model by Intelligent Tutoring

Systems (ITSs) has motivated researchers to ainevelap ITSs that provide the same

tutoring quality as a human tutor (VanLehn 2006). Model Tracing Tutors (MTTSs)
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2.1 Introduction

(Anderson, Corbett, Koedinger, & Pelletier, 1995) have shown significant success in
domains like mathematics (Koedinger & Corbett 2006), compaurtsgramming (Corbett
2001) and physics (VanLehn, Lynch, Schulze, Shapiro, & Shelby, 2005). These tutors are
based on a domain expertise model that solves the problem under tutoring and produces
the correct step(s). At each step, the maading algorihm matches the solution(s)
produced by the model to that provided by the student and gives positive or negative
feedback, hints or/and help messages. However, the domain models of MTTs are hard to
author (Aleven, MchjhgcjhgvbvcoLaren, Sewall, & Koedinger2006). The main
reason for this is the knowledge acquisition bottleneck: extracting the knowledge from
the domain experts and encoding it into a MTT. Knowledge reuse has been proposed as a
key factor to overcome this obstacle (Murray 2003a; Mizoguchi diirBeau 2000).
Since expert knowledge and, particularly, tutoring knowledge is so hard to create, re
using it is of paramount importance. A good example of knowledge reuse is the Mass
Production mechanism provided byrinGBonlsregi e
(CTAT). This mechanism allows the creation of new tutors from existing ones for
isomorphic problems, that is problems having nearly the same solution steps (Aleven,
McLaren, & Sewall, 2009).

The main goal of this thesis is to develop authotowds for modeitracing tutors
in mathematics, with knowledge -use as the primary characteristic of the authored
tutors as well as for the authoring knowledge used by the tools. For this reason, in the
first stage of the MATHESIS project, an Algebra dutvas developed to be used as a
prototype target tutor (Sklavakis & Refanidis 20@klavakis & Refanidis 2033 The
purpose of developing the tutor was twofold: a) to investigate the design and
implementation effort for developing an MTT having a domeipertise model with a

breadth of 16 top level skills (algebraic operations) aradter elaborate cognitive task
29
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CHAPTER 2: THE MATHESIS ALGEBRA SCHOOL

analysisi a greater depth and b) to provide the knowledge that would be represented in
an ontology on top of which the authoring tools wobkl implementedSklavakis &
Refanidis 2009bSklavakis & Refanidis 201 Sklavakis & Refanidis 20}4

Concerning the former research goal, as the domain expertise model has been
extended and deepened, gmalingup problem was confronted: if a problerontains
more than one task to be performed then a more complex task arises, i.e., identifying the
tasks to perform! The solution to this tutoring problem was to equip the tutor with
intelligent task recognitionthrough sophisticated parsing of the algebraxpressions.
Another, rather positive, consequence of adopting a broad and deep domain expertise
model was the development of an equally detailed student model. Instead of simply
keeping a percentage measure oftmbodelevasst udent
extended to keep full records of the interactions between the interface and the student for
each solution step.

This chapter describes the whsed intelligentMATHESIS Algebra Model
Tracing Tutor as well as the MATHESIK8toring school for eganding and factoring
algebraic expressions. The school has been built around the MATHESIS algebra MTT
and has been extended with a learning management system (LMS). The rest of the
chapteris structured as follows: Secti@® describes thénal versionof the MATHESIS
algebra MTT with an extended domain model, a refined student model and a new
interface integrating the tutor into the school. Sectib® describes the learning
management system of the school, including an editor for teachers to creaaptes
with their own exercises and tools to inspect the student model. S@ctiqeresents
related work. Sectior25 presents an evaluation of the system while Sec#®n
concludes thehapterwith a discussion of the research results and future tatirecof

research.
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2.2 The MATHESIS Algebra Tutor

2.2THE MATHESIS ALGEBRA TUTOR®

The MATHESIS ModelTracing Algebra Tutor was developed as a prototype
target tutor for the MATHESIS projectSklavakis & Refanidis 2008; Sklavakis &
Refanidis 2018 The ultimate goal of the project isetlilevelopment of authoring tools
for modettracing tutors that will make extensive reuse of the valuable tutoring
knowledge through ontological engineering. The MATHESIS tutor itself was designed
with knowledge reuse as its main rAmmctional requirementsConsequently, the
architecture of the system should be based on open, standardized and modular
representations. Additionally, there were three more issues that determined the overall
architecture:

I.  The tutor interface should be wélased in order to bedmdly accessible.

ii.  The modeitracing algorithm requires constant interaction between the cognitive
model and the interface. Therefore they should lie at the same side, that is, the
client side.

iii.  The programming language(s) that would implement the variot® parts
(interface, domain model) should be simple enough to be represented with an
ontology. This ontology would be used by the authoring tools to guidexyert

authors in redeveloping the tutor.

The achievement of these requirements led tangslementation of the tutor
using HTML for the user interface and JavaScript for the domain expertise and tutoring
models. These two languages are the simplest ones for building dynamic, interactive web
pages, they are open, nproprietary and lend themises to direct representation and

manipulation from the developed MATHESIS authoringl$ (Sklavakis & Refanidis

6 http://uses.sch.gr/dsklavakis/mathesis/en/MATHESIS_Main_Frameset.htm
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CHAPTER 2: THE MATHESIS ALGEBRA SCHOOL

2010b; Sklavakis & Refanidis 2014The user interface, shown in Figu2d, has four
main parts:
I.  The messages area (top), where the tusplays information about the interface
usage, as well as hints, help and feedback for correct and incorrect problem
solving steps.
ii.  The algebraic expression rewriting area (a), where the algebraic expression under
rewriting and its transformations are desyd.
ii. The studentdés answering area (b), wher e
problemsolving step.
Iv.  The performed operation area (c), where intermediate results are shown fer multi

step algebraic operations.

MATHESIS - Intelligent Algebra Tutoring School Uzt [shars
Exarcisas Statistics N2 | SHARIS
{ Start Bxercise I [ Update Expressicn J [ Statistics ] [ Solved Exercises ] { Close Statistics/Sohved ]
1.1 Select an exercise and click the 'Start Exercise' button 3

1.2 Select a part of the algebraic expression and the operation that corresponds to that part

S;Egzﬁfgﬁia:n; perfom: Bt 7 RIS | A\ciERING SPACE ([ Ghes: Opmatin_|
(m 3 yo|op|0°|og ‘-x,q<>v:><va?nt (| g Jol o || wl] <>+ x
4% (x+7) +49 b () 4 (b)
(a) [ Presentation el [ Content hethiL_|
PERFORNED OPERATION
| (©)

Fig. 2.1. The MATHESIS Algebra Tur Interface.
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2.2 The MATHESIS Algebra Tutor

The primary interface el ement i s Design ¢
Control applet, an editor for displaying and editing mathematical expressions in web
pages (Design Science 2011). There are three such Input Controls, i.e., traialge
expression, the answering space and the performed operation Input ControlsZRigure
The WebEq Input Control is scriptable through JavaScript and represents algebraic
expressions as MathML . So, during the problem solving process, the prabieng
state as well as the student solution steps are represented via the open MathML standard
and, therefore, they can lateroperatable i.e. inspectable recordableand scriptable

(Murray 2003b). As a result, the tutor can be used in the following ways:

I. The student can type directly in the algebraic expression area algebraic
expressions using the math editing palette (Fi@utearea (a)). Then, he/she can
initialize the tutoring process by clicki

ii.  The student can seleah exercise from a test paper created by a teacher through
the Learning Management System (Sec#@) and then initialize the tutor.

iii.  The tutor can be initialized (opened) from any othéragning program with the
desired algebraic expression.
iv.  The tutorcan recursively initialize (open) new instances of itself in order to break

down more complex tutoring tasks.

This latter possibility is directly related to the issues of knowledgeseeand
Ascadph.g The mat hfectorang by tceem grogingis tather aprinplex. In
this factoring method (a) the terms of the expression must be separated into groups, (b)
each group must be factored by some factoring method and (c) the resulting products

must have a common factor. It is step (c) that makes &) and the whole method
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CHAPTER 2: THE MATHESIS ALGEBRA SCHOOL

complex and raises the issues of knowledge ee and-ufiédcalThegintell i g:¢
recognition of the MATHESIS tutor does not yet support guidance for the first step and
therefore term grouping is not yet part of its dammiodel. However, provision has been

made for steps (b) and (c) . As an exampl e,
W p @ by grouping its terms: the first grou@m p, must be factored using
theidentity d @ & @ & o, yieldng @ p & p; the second group,

@ & must be factored bgommon factqryieldingw @ p . To guide the student in

applying different factoring methods, the tutor can open an instance of itself with the
expressiow  p for the first group followed by an instance for expression @ Each

instance of the tutor can guide the student in famgoeach group as separate problems

and then return the factored expression to the parent tutor, thus yieddingp ©

p  ww p . From this point, the parent tutor will guide the student in applying the

common factor method, yieldingp p @ p . Thus, the factoring methods

supported by the tutor can beused in a completely new and complex factoring task,

term grouping.

221The Tutordés Domain Expertise Model

The development of the domain expertise model was based on dgegvedask
analysisin the paradigm of Carnegde | | onds cognitive tutors (A

The tutor can teach a breadth of 16-keyel cognitive math skills:

Monomial multiplication
Monomial division

Powers of monomials

= = =4 =2

Monomiatpolynomial nultiplication
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2.2 The MATHESIS Algebra Tutor

Polynomial multiplication
Elimination of parentheses

Collection of like terms

= =/ =4 =4

Identities expansion: square of sum, square of difference, product of sum by
difference, cube of sum and cube of difference

1 Factoring: common factor, identitiegadratic form

Each one of these tdpvel math skillsis further analyzed in more detailed sub
skills leading to a fine grained domain model of 104 primitive ns&itts (seeAppendix

A). Part of this broad and deep domain modejiven in the followimy list:

1. Monomial multiplicationo@UD 1 @ p@W
1.1. Multiply coefficients:c D 1 P C
1.2. Multiply main parts:
1.2.1. Add exponents of common variables:Jv» ® ()

1.2.2.  Copy exponents of single variablesZ XX

7

2. Monomialdivision ————— TU

2.1.Divide coefficients: p gg T
2.2.Divide main parts:
2.2.1. Subtract exponents of common Vvariablesbdw
WOE QK w p

2.2.2.  Copy exponents of single variablés: a

3. Collection of liketermstaw ®w @ XWW O WO W LKW
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CHAPTER 2: THE MATHESIS ALGEBRA SCHOOL

3.1.Find groups of identical termg @ X® W& Qw0  @w

3.2. Add the coefficients of each group: X w®E Qp @ v

3.3.Keep the main part of each gro@o w O W wwE Qw o VL
4. Monomial power ¢® o o @ &

4.1. Raise the coefficient to the power: ¢ U

4.2.Raise main part to the exponent:

4.2.1.  Multiply the exponents:@ WJ @°U”U® g@guU

5. Monomial by polynomial multiplicatiom® 0O ¢w wa @O ®W 0w W A
5.1. Identify the monomial terms of the polynomigl:d 1 AU U
5.2. Multiply each one of them with the monomial:

00O OXO GOOOE @M ®A 0O ® A

6. Polynomial by polynomial multiplication
oW CW JCWW TOW VW PEW TOW W
6.1. Identify the monomial terms of the first polynomial: AT AcQ
6.2. Identify the monomial terms of the second polynonga)w €& Q1w w
6.3. Multiply each term of the first monomial vt each term of the second
monomial: CO WO W QW VE W TOW PEW OWEQQw I

Cw W TOW W0WE QWO TOw Yuw

7. Elimination of parentheses
VW Yww o W TWWUL
LW YWWOo ®W TWWUL

W PO Y
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2.2 The MATHESIS Algebra Tutor

7.1.Keep the sign of each parenthesized term if the sign in front of the parenthesis is
aplus(+):v@ Y@Uoc uvd Y@Uo

7.2.Change the sign of each parenthesized term if the sign in front of the parenthesis
isaminus{): W TWW U W TOWU

7.3.Collect like terms if there are any®w YW 0 ® TOWUL TW

PO Y

8. Identity expansion¢w o T P ©
8.1.Recall the expanded form of the identitk A A ¢ AAA
8.2.Substiute a and b for the real terds: ¢ @1 A o
8.3. Take care for parenthesized terms:@d o CO ¢Xx @ o
8.4. Perform monomial multiplications and powers: @ ¢ @ o 19

p G Dw

9. Factoring by common factocwo tTw @ww W W ¢ 0w
9.1. Find the common factog@
9.1.1.  Find the GCD of the coefficients: # &fthp =2
9.1.2.  Find the GCD of common variablés:# MM @

9.2. Divide terms by the common factor

9%} .. T1D . ﬂJ .
— A— Al U
% DA | %% C o o

10. Factoring the quadratic forj
® YOO ® @O ® o 00E& @ Y

W W e W ¢ W o
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CHAPTER 2: THE MATHESIS ALGEBRA SCHOOL

10.1. Identifyd O3DHNE Y @ @0 @HE WY v
10.2. Find the pairs of integers a, b that have a produdt ofep D

PP €I p O @ @eEICT el ¢ O o @
10.3. Find the pair a, b that gives a sumf uDg o v

10.4. Write the factored form:o & @ ® ® C ® O

The main reason for developing such a broad and deep domain expertise model
was the investigation and confrontation of swaling-up problem despite the success of
modeltracing tutors, in the majority of implementatiprthe tutor teaches a very
elementary (low level) cognitive skill in isolatiog\leven, McLaren &Sewall 2009)
However, even in school textbooks, medium diffigidxercises demand the application
of a multitude of composite (teevel) cognitive skills in combination with each other.
Ther solutiors demand the application of more hitgvel skills, like the identification

and decomposition of the top level skilteat appear in the exercise.

Table2.1. Expanding p o p w p inthreedifferent ways

Operation Result
P p ® P

Al. Monomialpolynomial multiplication . .
pm pTTwW p

A2. Polynomial multiplication P P pw pT

A3. Collection of like terms pD pT
P p ® p

B1. Polynomial multiplication . s
PpTO @ W P

B2. Monomiatpolynomial multiplication P p P pT

B3. Collecton of like terms pm pTm
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2.2 The MATHESIS Algebra Tutor

P P © P
CL. Identity (a+b)(a -p) & & P p
C2. Mononial-polynomial multiplication pm pTT

To illustrate this situation, consider the algebraic expressian o
pTw p @ p.Inorderto expand this expressitine student must first identify the
operations thamust be performed: a square of difference ¢ , and a multiplication
with three factors p To p ® p . Especially for the multiplication, the student can
perform it in three diérent ways, described in Taldd.

So, it becomes clear thavenfor a simple expansion exercise like the one in
Table2.1, a broad and deep domain expertise model containing all the poskitsails
needed. In addition, intelligent recognition of the operations that are present in the
expression is needed, wherelais is also a new cognitivakill that the tutor must be able

to teach.

2.2.2 Intelligent Task Recognition

The key issue for tackling the scaling problem is the recognition by the tutor of
the task(s) that must be performed, as well as of thoseedrigrthe student in order to
match them, so as to provide guidance and feedback in each step of the tutoring process.
In the MATHESIS tutor, these problems are tackled by parsing the MathML
representation of the algebraic expressions and generating lenuliernal
representations. To illustrate how this is done, the algebraic expressian X T

will be used:
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CHAPTER 2: THE MATHESIS ALGEBRA SCHOOL

1. The t u

tor gets

a tree representation

analogous to the Document Object Model (DOM) of HTML. This is provided by

the Input Control applef{Figure 2.1)through JavaScript scriptingn this

MathML DOM tree, every element of the algebraic expression is represented as a

node.

MathML Presentation code for expressi

MathML Presentation code for

Tw? W X T ywithout IDs expressiomw?z @ X T Ywith IDs
<math> <math>
<mrow> <mrow id="1">
<mrow> <mrow id="1.1">
<mn>4</mn> <mn id="1.1.1">4</mn>
<mi>x</mi> <mi id="1.1.2">x</mi>
<mo>*</mo> <mo id='1.1.3'>*</mo>
<mo>(</mo> <mo id="1.1.4">(</mo>
<mi>x</mi> <mi id="1.1.5'>x</mi>
<mo>+</mo> <mo id="1.1.6'>+</mo>
<mn>7</mn> <mn id="1.1.7'>7</mn>
<mo>)</mo> <mo id="1.1.8'3</mo>
<mo>+</mo> <mo id="1.1.9>+</mo>
<mn>48</mn> <mn id="1.1.10>48</mn>
</mrow> </mrow>
</mrow> </mrow>
</math> </math>

Fig. 2.2. MathML Presentation code for expressiad @ X

task recognition

T (pbefore and after intelligent

2. This MathML DOM tree is parsed using sp@ methods provided by the Input

Control. Each element of the expression (node) is given a unique identification

string (id), which is used in the internal representations of the expression to

uniquely identify each elemer{Figure 2.2) At the same time

t he

fiat omi

elements such as numbers, variables and operation symbols are grouped in

40
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2.2 The MATHESIS Algebra Tutor

mathematical objects like monomials and polynomials. These are represented
using custom JavaScript objects, and they also get unique identification strings.
For each monomial, its coefficient, variables and their exponents are kept along
with their unique identification numbers. For each polynomial, its monomial
terms are kept. In the case of expressionw x 1 Yfour monomials are
created, 4, X, 7 and 48, as wellsaa polynomialx+7, having as its terms the

monomialsx and 7(.

ParsedMonomial| Monomial 1  Monomial 2 Monomial 3  Monomial 4

Coefficient 4 1 7

Variables

Exponents

[
il

idString

]
]

1.

signiD

1.

coefficientID

o 3| 3N

variablesID

—(—
[S—Y T

exponentsiD [

Polynomial_1 {
monomials = [ Monomial_2, Monomial_3 ],
exponent =1

}

SumTerms {
SumTerm_1 {
Factors = [ Monomial_1, Polynomial 1]
}

SumTerm_2 {
Factors = [ Monomial_4 ]
}

}

allowedOperations= [ Al1l. 1. 30, Al.1.60 ]

allowedOperads= [ [Monomial_1, Polynomial_1 ], [ Monomial_2, Monomial_3] ]
Fig. 2.3 Mathematical objects created by inggdht task recognition for expression

w2 w X 1Ty
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3.

|l denti fying each oper aédvel skii orithe pxpansioad en c e

and factoring of algebraic expressions. Aswill be explaired in the next
subsection, the tutor teaches students the correct order of operations.
Consequenyl, the intelligent parsing mechanism extracts this information from

the algebraic expression and represents it appropriately.

Finally, using the precedence of operations, the expression is represented as a sum
of products using JavaScript arrays. The es@Emn Tww X T Yis
represented as a sum array of two product arregssp X andt Y The first

product array has two factors, mononmiaband polynomial w x , while the

second product array has only one monomialj

All this information is extracted ahrepresented for the expression to be rewritten

(Figure 2.3) When the student selects a part (or the whole) of the expression, this part is

parsed again and the same information is extracted and represented by the tutor; however,

now the parser does nassign identification strings to the elements of the selected

expression but just gets the ones assigned by the original parsing of the expression. As a

result, the tutor can identify exactly which part of the expression is selected, which

operations areedected and whether they have the right precedence to be performed.

Moreover, when the student suggests what kind of operation he/she has selected, the tutor

can check whether this suggestion is correct. For example, in expreesion ¥ T

if the stuent selectsww X and

internal representation and sees that the selected (sub)expression is not a sum and

proposes ACommon Factor o,

therefore it canot be factored. | f the stud

that the expression is a sum with two terms and only then tries to extract a common

factor. If it finds one, it proceeds by asking the student to give the common factor.
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2.2 The MATHESIS Algebra Tutor

Otherwise, the student is given feedback that no common factor exists. Moreover, the
tutor clecks that the student has selected the whole expression, since there is no point in
getting a common factor of part of an expression.

This approach, with exhaustive and multiple representations of the algebraic
expressions allows the tutor to handle evewrarsubtle conditions like dealing with the
commutative properties of additiob( ® « ) and multiplication 0 ®3Y. In
practice, the commutative property means that in a sum or product, the order of the terms
is not important. By representingettalgebraic expressions as a sum of products, the
MATHESIS tutor can easily check student answers that are sums or products. Thus,
when expanding the expressiah  w |, the tutor can accept as a correct answer any of
the expressionsd QO W, ® W ®, ® CW®W W and ®
¢w @ Moreover, it can detect if a term is missing or is wrong and give the appropriate
feedback. This performance is achieved by JavaScript functions that compare the sum
and product arrays.

The overall result of this intelligent parsing is that the tutor can handle any
algebraic expression that contains the math tasks (operations) described in the previous
section. Therefore, the student can type any such expression aMd\THESIS tutor
will parse it, detect which tasks are contained in it and guidsttigent appropriately.

This featureis called intelligent task recognitionlt is this feature combined with the
broad and deep domain model that deals directly with tladingaup problem: the
MATHESIS tutor can handlanyalgebraic expression containiagy combination of the

math tasks described in the previous section. Thus, the MATHESIS tutor can guide a
student in expanding expressions likew o CCw 0O Cw O Ccw o or

factor expressions like @ p Ww ¢
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2.2.3The Tutoring Model: Deep Model Tracing With Intelligent Task Recognition

Equipped with such a detailed cognitive model, the MATHESIS tutor is able to
exhibit expert humaiike performance. The tutor makes all the cognitive tasks explicit to
the student through the structure of the interface. The whole process is described below
using asan examplea real student interaction with the tutor factoring the algebraic
expressiomrw?z w X T Y
1. The student enters the algebraic expression in one of the ways described in
Section 2.
2. The student starts the tutor by <clicking
expression ancecognizeghe operations and their operands. As a resultutioe t
displays an abstract representation of the algebraic expression, where each
monomi al in the expressimbn hlass bettme sabg
expressiomw? @ X T yis represented asm * (m + m) + m(Figure 2.1,
Student Answering area). The purpose of thislligent task recognitioffieature
is to help the student understand the operations present in the expression through
a visual, simplified and comparepresentation of the algebraic expresdiowas
realized thatmit herusepotskeprptipepg & monomi
students, since this letter is normally used in mathematics to represent a variable.
To avoid any such misconception,npand paper exercises were given to the
students, before using the system, where they had to transform algebraic
expressions mboleheetutepbesdéintati on (thi
followed by human tutors). After a few exercices, all studewsn the weakest
ones, were able to correctly perform this transformation. On the other hand,

alternative representations were considered. For example, one of them was to use
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2.2 The MATHESIS Algebra Tutor

empty squarmos;, ihnosweevaedr ,o0fi th was abandoned
square symbol was used by the MATHESIS tutor to provide templates that guide
student input (see step 4, below). Using a tree representation of the algebraic
expression was also considered. However, in pen and paper exercises, where
students were asked toamsform between natural and tree representation,
significant cognitive load and confusion were observed.

. The student selects a part (or the whole) of the expression and then chooses from

a dropdown list the operation that he/she believes correspondsatopart In

Figure 24 the student selected the whole expressihz w X T Y

(highlighted) and th€owmmenaFaonomné&ACTORI

down | i st. It must be noted that this tu
tutoring practice in the Greek educati on;
knowl edge, in many other educational Sys

personal tutoring experience, this step is considered to be crucial and constitutes

what is known in expert systems aseax p ®bifind 8pot Math teachers tend to

believe that oce students have been taught and practiced each operation
separately, they are able to recognize and perform them when they appear in more
complicated algebraic expressions. The &
suggests that quite often studedt® hkdow what to ddecause they cannot

recognize which operations are present and the human tutor has to guide them in
analyzing the expression under consideration. It is this step, in combination with

the abstract representation of the algebraic expregsesented in the previous

step, that makes the analysis of the algebraic expression explicit to the student.
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CHAPTER 2: THE MATHESIS ALGEBRA SCHOOL

Select an operation to perform: Operation -
27-2-2011 16:10:9 EX. Operation

---------- MONOMIAL - POLYNOMIAL OPERATIONS -
Manamial Multiplication

07 [Monomial Division

Maonomial Power

Maenomial - Polynomial Multiplication

Polynomial Multiplication

Parentheses’ Elimination

Like Terms Collection

---------- IDENTITIES

Identity (x+y}"2 [sgquare of sum]

Identity (x-y}"2 [square of difference]

Identity (x+y)(x-y) [product of sum by difference]

Identity (x+y}"3 [cube of sum]

Identity (x-y}*3 [cube of difference]

---------- FACTORING —--—--—

Identity x*2-y"2 [Difference of squares]

Identity x*3-y"3 [Difference of cubes]

Identity %*3+y"3 [Sum of Cubes]

Identity x*2+2xy+y*2 [Expanded square of sum]
Identity x*2-2xy+y"2 [Expanded square of difference]

’ Presentation Matl Iclentit_y.r ¥*2+(a+bpc+ab [trinomial]
Grouping

ColorMon | | VARIOUS OPERATIONS———

[ Selection Presentation M EL.'i.rﬂL”ate pm.d.UCt paren?he:alelsl

Fig. 2.4. The student proposéseoperatiomiFACTORINGC o mmo n  Frenctheo r 0
drop-down list of supported operations to be applied to thected
expression.
4. The tutor, based on the results of ihielligent task recognitiofstep 2), confirms

and continues or informs the student that the suggested operation is not correct. In
Figure 2.5, the suggested o0 p e risacoried;the tutdr Co mmo n
confirms that with an appropriate message and starts guiding the student to
perform the operation in a sté&y-step mannefFigure2.5, top, messages 2.1 and

2.2)
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2.2 Tre MATHESIS Algebra Tutor

1.1 Select an exercise and click the 'Start Exercise' button -
1.2 Select a part of the algebraic expression and the operation that corresponds to that part

2.1 Operation being executed: Factoring by Common Factor

2,2 Please, enter the common factor. Write inte the squares which don't have an exponent, the numbers with the
correct sign -

m

Select an operation to perform: Semmen Facer ¥ Exercise

2722011 1810:8 EX ANSWERING SPACE [ Cheo Operation |

3] o o

o) 2 |yo|op|0®| 0| cof|<>+x ? |any M| 2 |fo0|0p 0" g
] 0 0 i

a

Fig.25. The tutor checks and confimma t he st uc
Factoro through messages 2.1 and 2.2

question here is 4, denoted by the empty square scaffold in the
AANSWERI NG SPACEO area (bottom r

The tutor also knows that the common factor for the expressizn w x

T Uis the greatest common divisor of 4 and 48, that iShe authod gersonal

tutoring experience suggests that most students have considerable difficulties in
finding the common factor. For this reas
answering areaaviual scaffold of the common factoao
factor is only a number, denoted by a single sq(Rgrre2.5, bottom right) The

tutor also displays a message that explains the meaning of the s¢&ftplde

2.5, top, message 2.2k mustbe noted that the tutor supports two other kinds of

common factors: vari abl e and parentieseewitb onent s

exponent s, 'denoted as (1)
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CHAPTER 2: THE MATHESIS ALGEBRA SCHOOL

2.3 The common factor is correct =
2.4 Write the guotient of the lst term of the sum, divided by the common factor

2.5 Write into the squares that have exponents, the variables with their exponents (even if an exponent is 1)
2.6 Write into the parenthesised squares that have exponents, the parenthesised terms with their exponents
(even if an exponent is 1) -

Select an operation to perform: Cemmen Factor T ESRICist | cvERING SPACE — Chedk Oparstion |
2722011 18108 EX
o| o - g =
@ 2 |yo|op| 0" o] w<>+x| £ ?|ay @ 2 |yo| o | 0 o
ey R =
G * (x4 7) 4 48 —Y =20

[ Fresetation MethML | [ Content MathiL

PERFORNED OPERATION

E

Fig. 26. The tutor confirms the entered common factor and asks for the first quotient by
messags 2.3 and 2.4 (top). The quotient under questienz—is— w?
w X denot ed *hyis)¢t dfef 1l d in the AANSWERI I

area (right).

5. The student correctly enters4n  t he position indicated QA
as the common factor and clickshe A Check Operationo but
performsintelligentparsingont he st udent s answer and con
(Figure 2.6, top, message 2.3). The tutor also displays the common factor
foll owed by a multiplicatEDnNnORERADI ON& * ,
area (Figure .6, bottom right). The purpose of this area is to display the steps that
have been performed in musiiep math skillsNow, the student must divide each
one of the terms of the sum, imbz ® X and 48, by the common factor. The
first quotient that the student must calculate4s— @z ® X . The tutor
displays the quotient and a visual scaffold of the expected answer in the
AANSWERI NG SPACE®6, rght)eThe vigsl scgfiold id ' *( T )

denoting the expected answerz w X
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2.2 The MATHESIS Algebra Tutor

6. The stdent enters in the squares of the visual scafvféld‘( 1 the correct
answer@w z @ X andclicksthdiCheck Oper.®Dhceagaimhebut t on
tutor performsntelligent parsingont he st udent 6s answer and
correct (Figure 2.7, top, message 2.7). The tutor also displays the expression
T2 w2 w X in the APERFORMED OPER/Abotto@NO ar ea
right) to denote the progress of the factonqmmgcess. The second quotient that the
student must calculate s p ¢ The tutor displays the quotient and a visual
scaffold of the expected answer 2i/,n t he 0/

right). The visual scaffold i$ denoting the expected anawie.

2.7 The ¢quotient is correct
2.8 Write the guotient of the 2nd term of the sum, divided by the common factor
2.9 Write into the squares which don't have an exponent, the numbers with the correct =ign

s i - Common Factor - ize ek Coersioe |
S:Laflznaliliﬂﬁ‘vﬁ;l:’;{m perform: Exercist | \SWERING SPACE Check Cperation
prapr L L

o I'_ u} (1]

(@)| 2 |yO| 0| 0°|0f|c0lj<>+x| £ ?|an (@] g v0|0g| O | Og
4B _
4—]

Pres entation MathhL | | Content MathiL

FERFORNMED OFERATION

4*x*(x+7))

Fig. 2.7. The tutorconfirms the first quotient and asks for the second quotient through
messages 2.7 and 2.8 (top). Tuetientunder question is- p ¢denoted
by the empty square scaffold in the A

7. As soon aghe student correctly enters the second quotient, the tutor displays a
confirmation message (Figui28, top, messages 2.10 and 2.11), rewrites the

expressiont Z w? w X P C, parses the rewritten expression, displays its
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CHAPTER 2: THE MATHESIS ALGEBRA SCHOOL

abstract representation and prompts the student to perform the next operation, as

shown in Figure.8.

2.9 Write info the squares which don't have an exponent, the mumbers with the correct sign &
2,10 The quotient iz correct
2.11 The facteoring is correct

3.1 Select a part of the algebraic expression and the operation that corresponds to that part

4 L

Select an operation to perform: Cperstion ™ Exerciss

21 BIEX ® | ANSNERING SPACE

a ol o
@| 2 fo] oy 0°| | cb|<>+x £|?|an @ 2|0l o
He* (x4 7)+48= m ¥ (m * (4 ) + )

4% (x* (x4 T) +12)

Fresentation NethiL | [ Content MethiiL

PERFORMED CPERATION

4% (% (1 47) +12)

Fig. 2.8. Successful completion of the common factor method in expresaion
@ X Ty
8. The student now selectsoz w X and performs monomigbolynomial
multiplication. Once more the tutor exhibits its deep model tracing behavior and
guides the student stdyy-step to perform the two monomial multiplications,

w? wandw? x yieldingw  xa The resulbf this operation is shown inigure
2.9.
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2.2 The MATHESIS Algebra Tutor

4.5 Multiply the monomial with the Znd term of the polynomial &
4.6 Write your answer in the ANSWERING SPACE and click the CHECK OFERATION button

4.7 The partial product is correct

4.8 The multiplication is correct

4 m

5.1 Select a part of the algebraic expression and the operation that corresponds to that part

Sibf;ilmﬁiogopﬂm pesion T B | eRinG sace Check Operation
o o @

(D)%\EGD 0’ DE fxﬂ(}-l)(,/"?nq (D)Eﬁﬂgu 1
|4x*(x\7)|48: w ¥ (m ot om o om)

d*FE* 4T 412 =

4*( R Presertafion VeitL | [ Cortent ML

i )
PERFORIED OPERATION
% | Tx

Fig. 29. Successful completion of the monomgalynomial multiplicationw?z w X .

9. The student select® xw p ¢and performs factoring of the quadratic form
® Yo 0 (trinomial). In order to achieve this, the student must find two
integers a and b, such théo» 0 pcand® @ Y X. The tutor,
tracing its deep math domain model, guides the student in detail. First, the tutor
prompts the student to identifpoo® & @ @ (Figure 2.10, top, message 6.2)
and displays the corresponding scaffol
2.0, right). The student correctly enters 12 and 7 ©HBLHE Q @
correspondingly (not shown in Figu2el0).
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CHAPTER 2: THE MATHESIS ALGEBRA SCHOOL

4.8 The multiplication is correct =
5.1 Select a part of the algebraic expression and the operation that corresponds to that part

6.1 Operation being executed: Factoring Trinomial

6.2 Enter the product ab and the sum a+bh

FRl]

Select an operation to perform; |dentity x"2+{a+bjx+ab [trinomial] ¥ Exercist | aSiERiNG SPACE —Check Cparation
27-2.2011 1€:10:9 EX
=] o o
(M| 2 |yo|og|0°| 0| cf<>+x £ ?|ay (| 2 |yo| 0| 0°| o
b =]
A% * (x4 T+ 48 = @
a-+bH=0
d*(x*x+T)+12)=
[ Presentation MethL | [ Content MathiL

PERFORNED OPERATION

22 b Tx 4 12

Fig. 2.10. First step ofdctoringe  x® p ¢The student must identifp0 O
pcand® w Y X

10.The student now has to discover that a=3 and b=4. The student enters the
incorrect answer a=2 and b=6 (this step is not shown). The tutor displays an error
message and suggeshe possible pairs of values for a and b (Figuiéd, top,
message 6.4), asking again for the values of a and b (Rdiieright)). It must
be noted that, for each one of the supported elementary skills, the model contains
possible mistakes that tlstudent might make. Each mistake is associated with
error messages of varying depth, ranging from general suggestions down to the

correct answer for the subtask. The depth and order of these messages are preset.

52



2.2 The MATHESIS Algebra Tutor

6.2 Enter the product ab and the sum a+b -
6.3 Enter a and b

6.4 The numbers you have entered don't have a sum of 7. You must enter one of the pairs: 1 and 12, -1

and -12, 2 and 6, -2 and -6, 3 and 4, -3 and -4

10

Select an operation to perform: 1dentity x*2+{a+bpctab [frinamial] T Ewemcise | ueyering sPace
27-2-2011 1810:9 BX
o o o
_HE|DD‘ % o + X ?‘ﬂr’,v (D)‘EHE‘DD 0" | Og
H=
dr*{z 4T +48= b=
4F (x¥ (x4 T+ 12 =
[ Presentation MethhL | [ Content MathiL
FERFORIVED CFERATION
2 T 12

Fig.2.11. Responding to a student errdhe tutor displays an error message, gives (ie{p
message 6.4nd asks for the correct answeght).

6.4 The numbers you have entered don't have a sum of 7. You must enter one of the pairs: 1 and 12, -1 >
and -12, 2 and 6, -2 and -6, 3 and 4, -3 and -4

6.5 The entered values for a and b are correct

7.1 Select a part of the algebraic expression and the operation that corresponds to that part

FR]]

Timhan " B | o soe
2| 0 a]
(o 2 ﬁ‘nu‘un ug‘ma‘ + X ?‘rr:v @ 3 o]0 0° o
4r* (x4 7) +48= b * (o + ) * (1 -+ 1))
4% (% (4T +12) =
4* x +7x+12 | Fresentation MethhL | [ Content Mt
PERFORNED OPERATION
A% ((x+3)* (x +4))
(x+3)*(x+4)

Fig. 2.12. Successful completion of factoring? @ x T Y
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CHAPTER 2: THE MATHESIS ALGEBRA SCHOOL

11.The student now enters the correct answef andb=4 (not shown) The tutor
checls the answer, confirms and rewrites the expression, yieldingw o 2
@ T . The factoring oftwz w X T Yis now successfully completed

(Figure2.12).

Onceagain the scalingup problem appears. The studeould havefollowed a
completely differentsolution path for factoringwz w x 1 Y The MATHESIS
AlgebraTutor, based on its broad and deep expertise model as wailths intelligent
task recognition feature, is able to recognize this path and guide the student along.

Table 2.2 presents ant@inative path in the solution space tree, involving only the
top-level math skills (algebraic operations) the student could have followed and not the
actual interaction with the tutor. As shown before, each one of these operations is a

complex task that st be performed in a series of steps. The calculation of the quotient

z

w?z w X presented in step 5 (Figure6.demanded the development of a

model for calculating quotients of arbitrary complexity, like, e-g

Equally complex is the task of fiing two integers with a given product and sum, like
the task presented in stepd®. As a consequence, if someone tried to draw the solution
space tree for the factoring ekpressiomw? @ ¥ T Uit would end up with a tree

of considerable breadth amtpth. Thefine-grained modellingof each top level math
skill (algebraic operation) and its sskills in conjunction with thentelligent task
recognitiondescribed in the previous section, allows the MATHESIS Algebra tutor to
guide the student throughtothis broad and deep solution space. Thus, this feature is

calleddeep model tracing
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2.2 The MATHESIS Algebra Tutor

Table2.2 Alternative Path for Factorimgwz w X T U

Operation Result

Initial expression W ® X Ty
1. Monomiatpolynomial multiplication | T® ¢ @ T W

2. Common Factor Tw Xw pg

3. FaCtorx2 + Sx +P Tw 0 ® X

2.2.4The Student Model

Based on the bretid and depth of its math domain expertise model, the tutor
creates and maintains in a databadeep and broad student model. For every step of the
student s attempted solution, the tutor reco
1 Skill: Thealgebraic operatiothat the student tried to perform in the specific step,
e.g., Acommon factor calcul ationo.
1 Expression The algebraic expression on which the algebi@eration was
performedjikeTw?z @ x T Y
1 Answer The answer given by the student, for exanmpbe3
1 Correct It signifies whether the answer was right (1) or wrotig. (

1 TimestampThe date and time the step was performed.

This information is presented in a table, with one rowefach solutia step. The
table for factoring the expressioz w X T yis shown inTable 2.3 Rows with
dark background emphasize incorrect steps. Both students and their teachers can see this

tabul ar representation of the studentds sol u
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CHAPTER 2: THE MATHESIS ALGEBRA SCHOOL

Table2.3. The FineGrained Student Model: Solution Steps

Skill Expression Answer Correct
Automatic expression N (this step is perfoned
rewriting wr W X Ty by the tuto) L
Recognise the existence of a N
common factor Tw2 W X T WY Common factor 1
Calcuate common factor T2 W X Ty 4 1
Calculate the quotient of a TW?2 W X N
- = w2 W X 1

term over the common factor T
Calculate the quotient of a Ty 1
term over the common factor T P
Automatic expression T2 @ X TUY (this step is perfoned 1
rewriting T2 W2 W X PG by the tuto)
Recognise a monomial b monomial by

gnis ohomial by w? W X polynomial 1
polynomial multiplication S

multiplication

Monomial multiplication Wz W 1
Monomial multiplication Wz X X0 1
Monomial by polynomial s . .
multiplication ws @ X W X® 1
Automatic expression T2 W2 W X PG (this step is perfaned 1
rewriting TZ @ X pC by the tuto)
Recognise trinomial W X0 pg Trinomial 1
Identify a and b WA p &y @ X g fp -1

. v T > o 5 (l) (e)
Identify a and b W ptw w X oot 1
Automatic expression TZ ® X® pC (this step is perfaned 1
rewriting T2 @ 02 ® 1T by the tuto)

In addition, the tutor can display statistics over a selected period of time about a
specific cognitiveskill, as shown irFigure2.13. When a specific skill is selected, a table
presenting the performanoéthe skillis displayed (Tabl2.4).

It becomes obvious that such a detailed and-stamped student model creates a

digital ti meline of ydver tinetwithdeenombérof possaillleh s ki | |

uses: long term progress assessment, recent mastery status, automatic selection of

exercises based on the studentds weaknesses

system
56



diide numenical coefficients of manamials: 414 = 100%
diide main parts of monomials: 33 = 100%

dhide all variables in main parts: 3/3 = 100%

sublract exponents of common variables: 34 = 73%

Automatic expression rewrting: 2/2 = 100%

Recognise the existense of a common factor: 112 = 50%
Calculate commaon monomial factor. 1/2 = 50%

‘Calcula & common polynomial factar. 1/1 = 100%
Calculate common factor, 2/4 = 50%

2.3 The Learning Management System

[variables with no exponents are conaidered to have an exponent equal to ong: 3/3 = 100%
do not introduce to a monomial result a variable that does not exist: 3/3 = 100%

when a number or a variable has a zero axponent it is equal to 1 and it must be desreqarded: 3/3 = 100%

Calculate the quotient of a polynomial term over the common facter: 373 = 100%
Calculate the quotient of a sum tem over the common factor. 57 = T1%

Select a skl |

i
i
Calculate the quotient of a monomial term over the common factor. 34 = 75%
i
i

Fig. 2.13. The Student Model: Skill Prmance Statistics

Table24. Performance of skill #fACalcul ate
Operation Exression Answer | Correct Date

Calculate common factor] Tz @ x 1T W 4 1 27-02-2011 16:55:33

Calculate common factor] Tz @ X 1T W 4 1 22-02-2011 18:26:07

Calculate common factor] T®? ® x 1T Y TW -1 22-02-2011 18:26:02

Calculate common factor] T®? ® x 1 Y TW -1 22-02-2011 18:19:53

2.3THE LEARNING MANAGEMENT SYSTEM

The MATHESISIntelligent Algebra Tutoring Schodd accessible throiga web

commo

interfacé&. Each user gets a uniqgue Username and Password. Users can register either as

teachers or students. Students are guided to the MATHESIS Algebra iteidace

(Figure 2.1),where they solve their assigned exercises as it was descriliettion

2.2.3. Teachers are taken the Teacher Menu (Figure @)1whichprovides links for the

following managerial tasks:

7 http://users.sch.gr/dsklavakis

57



CHAPTER 2: THE MATHESIS ALGEBRA SCHOOL

MATHESIS - Intelligent Algebra Tutoring School
Classes Test Papers Exsrcizes Assienment Check Student Exercizes

Fig.214. The Teachersdé Menu

1 Classes Teachers can create classes. For each class the teacher enters the real
school, gradeind name of the class. Students are registered to the class by their
Usernames. That means that the students must be already registered in the system.

Students can also lkeleted from a class. (Figure 3)1

MATHESIS - Classes Management

Save Close

School Grade Class
TEST SCHOOL C c2
SN| Username Fullname
1 |daphne DAPHNE
2 |paris PARIS
3 students STUDENT_A

Add Student | with Username;

[ Delete Selected Students

Fig. 2.15. The Classes Management Page

1 Teg Papers The system provides an online HTML editor for the creation and
editing of test papers (Figurel®). For each test paper the teacher enters the type
of school, grade, book;hapterand sectionof a textbookthat the contained
exercises corresportd. Each test paper is also characterizedudic or private

(Figure 2.Ba). Public test papers can be accessed and used (but not modified)
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2.3 The Learning Management System

from any teacher registered in the system, while private ones can be used and
edited only by their creator. Tegapers are used for the assignment of exercises
to students. Currently, the system provides five public test papers that contain
exercises from the official textbook that is taught in the 3rd grade of Gymnasium
(junior high school) in secondary education Greece.Each test paper is an
HTML page. Conceptually, each paper is organized as a set of exercises
containing one or more questions. For each exercise, its questions are laid out in
rows and columns using HTML tables. The author inserts new exercyses b
defining how many questions they contain and in how many rows and columns
they wil!/ be arranged, usi n grrespondingi | nser t
fields (Figure 2.6, left, below the editor). The system creates the appropriate
HTML code for the &able and displays it in the editing area. It also generates
check boxes with unique identification strings in front of the exercise aidoga

its questions (Figure 26b). These check boxes are used later for selecting and
assigning exercises (Figu17). The author adds any text for describing the
exercise ad its questions. In Figure Blexercise 22 has just been added,
containing 3 questions, arranged in one row and three columns, labeled by the
authorasb a ) 6, 6b) 6 a6bdFinally Jobeach Fueggianrthe ahorl
enters the algebraic expression usingyebEq InputControl. In Figure 2.8, the

author has just entered the expressmnZz w ¥ T Qin question(a) of
exercise 22 (Figure 26t). The system displays on the right side @f ¢ditor the

test paper as an HTML page, using the MathML viewer MathPlayer to display
properly the matheatical expressions (Figure Bd). The HTML code of each
test paper is saved in a database, togeth

recalledand edited any time by changing, adding or deleting exercises. It must be
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noted that, due to the intelligent task recognition feature of the tutor, the authors

do not have to annotate or describe any solution steps for the questions.

MATRESS - Test Paper Creation | D8 C5ert-20e Do O2*x-1F-% Doy

[ 12. Factor the expressions:
Oo)0:-27 OpEyZ+2  OpOw® +64

School | Grade | Book Chapter | Section [Public (a) 90t -1 0o DT]}!B +1 He)

GYMNASIUM | 3rd GRAL | School Algebraic Expr | Factaring 0

[ 13Factor the expressions:

oo ZIEORBIE 8%in -~ REEH
AFCEFEadE T H3-24 OPleet+2% O D3k drp® 08) Da'h +ab?
BiODE sy EE R EEAN
RAoFIdPO-D&EE [113. Factor the expressions
. 7 Fam . B & ) ) ahla ]l
o8 OoBxf-2oel DBCP +944 0 g0 2hi0een
B OO ooo Op O
o) [ 2wz+10w+8 || EpE3a2-122-15 || g0 ax2-Tax+6a § 1_?“4&1 [on) 9t +6x+1 4;"1'_12}4_9 m;lmpﬂg
) ahfal Fla8 op o
[] 22. Factor the expressions (b) i 152 - 1ah + 4 (a+b)2_2*(ﬂ+b)+1 %—2}‘4'9 X2+X+I
Oay4x-(x+7)+48 | Do || Ho iy
[[] 12. Factor the trinomials:
2 2 N 2 S 2
\wh3 questions 1 lines and 2 columns Co) Cx*+3x+2 OF) Op*-4p+3 OpOw+3w+d D8 +6a+5
0gno Oendp-p-12 Oy O OpOe?+3a-10
-T2 whoow+12
[ PeseBrercses | [ Checc Al | [ Uncheck All | [ Hide Unchecked | [ ShowUnchedied | [7 21. Factor the enpressions:
(o) % ﬁ Op | 0% | 08 | cof|< > +x ( ) To) O2w? 410w +8 O3 - 12e- 15 [y Dax? - Tax + 6
- - - C

[ 22. Factor the expressions (d)
Oa)0dr*(x+N+42 Ot) Do)

dx* (x+7) +49

Fig. 2.16. Test PapeEditing. The author has just created exercise no. 22 using the HTML editor
(b) and inserted expressiomz @ ¥ T yor the first question using the math
editor (c). The paper is shown on the right with the newly added exercise at the
bottom (d).

1 Exercise asignmentThe system provides tools for individualized assignment of
exercises. The teacher can assign different exercises to different students
according to their performance. The assignment process is sifieteacher
selects a class drany student(s) from this class as well as a test paper and any
exercise(s) from it. By checking the appropriate boxes, the selected exercise(s) are
assigned to # selected student(s) (Figwzd7).
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GYMNASIUM | 3rd GRAL |Schoal Algebraic Exp | Factoring 0

2.3 The Learning Management System

MATHESIS - Exercises Assignment

Assign Exercises Date 1-2-2011
1. Factor the expressions:
_ _ . 2
Close | Exercises:| Select || Clear Aa) (132 + 6 AP B2r-2 ) E3w+ 6w

Grade Book Chapter Section  |Public

8) O-9% - ix £) (8% +dab® o) %2 -2+ 2
O Oa%+ab-ab On) 02 - %6’ #6) {2y - {18y + J3)°

2. Factor the expressions

Close Students: | Select | | Clesr a) ) »
School Grade Class la-B4pTtia-B) et G-D¥ (oD -t -2
TEST SCHOOL c c2 3 g o1)
SN Username Fullname a2*(a--3%2-g) WHFir-1)-r+1 Dk fx =By (r- 37
1 |daphne DAPHNE
3 1) Factor the expressions
W |2 |paris PARIS i}
- - - 7 1) IF) » 8)
W | 3 |studentA STUDENT_A X1+J( 2},1_5}, wHW -3 -2% (G- a*(Ga+11-da

3ii) Solve the equations:

¥lu) IB) 1) 8)
Prr=0 Bi=3 W= -2%(3-w)=0 e*Catli=d

4. Factor the expressions
Do) Ox+p+ar+ap B -t 4r-1 P -5xt e dr-20
o)

o I_a.2 _ g)
OO -3 d-0 41 o il 0ab - 1352 + 106 - 5a

Fig. 2.17. Individualized Assignment of ExercisesStudents

1 Student assessmerithe solution steps taken by a student are recorded in the

database and statistics are computed about the correct/incorrect performance of
operations. These steps and statistics can be retrieved and viewed by the teache
On the left side of Figure.18, the teacher selects the time interval for which
he/she wants to assess the student(s)Shésopens a classroom and selects a
student. The system displays in a drop down list all the test papers containing
exercises that werassigned to the student during the selected time period. The
teacher selects a test paper and its contents are dispRigede(2.18, right).
Assigned exercises for which no solution was attempted by the student are
marked in a red backgrounth Figure2.18, these are questions 13&p ¢ T

and 15a qw p located in the middle of the test paper (red color appears as

dark grey in grayscale)lhose with at least one attempted solution, either correct
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or wrong, are marked with green backgrouimdFigure2.18 this is question 2J)a

ql] p 1 Y(green color appears as light grey in grayscale).

Solved Exercises b Uﬁ_lﬁ OmpOx<-3 I8 [ = 2p*

Bewss -
B - - D

O D2x?-32  OpOosE-3l Oy E2x%-2x
I~ I
[08) D5ex?-80e D) O2*(x- 1% -8 o) -
== - Questionsl3a and 15a
TEST SCHOOL 3-A-Ad ~ N e .
5 - [0 12. Factor the expressions: W|th no attempted

£ 3 Y. . X
3 SHARIS (sharis)  |w] BoEx-27 OpBy7+8  Opbw’+64 solution marked in red

T EmeEm 0 e

|C—:YMNASIUM-3r: GRADE-School-Algebraic ExprEssmn&Fscmnnglzl [] 13Factor the P o

EECEE oo+ 20 7 DR - S 05 Dot

Statistics

Select 5 skill [C115. Factor the expres: g
(om0 OR Oy +4y+4 CpEw? —w+9 08 Da’+102+25
C8) 01 - db + 47 Do Oox* +6x% +1 18 42 - 12p+9 D) D160 +8p +p°

2
[8)M25a% - 10ab+b% D0 Dia+ 57 - 2% {a+b) +1 Dm)g%_gﬁg |:h[s)|:|x2+x+}

O 19. Factor the trinomials:
Cloy D +3x+2 OF) Op? - +3 OpCw? +5w+6 D080 +éa+5
g Clx? = Tr+12 DonMpf -y

Question21awith anattempted
O 21 F“”““W““g/ solution marked imgreen
)0 3a°

E -

Fig. 2.18. Student Assessment: Selecting a Solved Exercise

By selecting an exercise and clicking th
solution steps ardisplayed as showim Table2.3. The teacher can also select a

specific math skill from the dredown list on tle lower left part of Figur@.18.

As mentioned irBection2.2.3, the list displays all skills performed by the student

with their corresponding percentage of cotrperformances during the selected

time period, as shown in Figuel3. By selecting a specific skill, a table of the

skill performances taken inccount is displayed (Tabk4).
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2.4RELATED WORK

The development of the domain expertise andirtiementation of the model
tracing tutoring model in modétacing tutorsare so demanding in time and human
resourcegAleven et al. 2006}hat these tutorsare currently developely specialised
research teams, they are usually experimental protopeéshey areused in strictly
controlled and supervised educational settings, mainly in univeréiteas_ehn 2006)

The most successful and widely used math MTTs are Cognitive Tutors developed by
Carnegie Learnirfy based on more than twenty years of cogaiteience research at
CMU (Koedinger & Corbett 2006Cognitive Tutors are now an integral part of complete
curricula used in hundreds of middle and high schools throughout the United States.
However, despite their innovative nature and practical sucEmsgitive Tutors are
commercial products that have to adapt to very strict guidelines and educational goals of
the US educational systernthey have tofollow the textbook by teachingpecific
exercises that train the students in specific cogniskidls. In the case of algebraic
expressionsd operations, they teach each op
with each other. They also teach a fixed set of exercises where alfitibipatedsolution
stepsare pre-computedoy solving the problem in alicceptable ways by running a rule
based problersolver (Van Lehn 2006 herefore these tutors do not tackle the problem

of parsing amarbitrary algebraic expression, identifying the existence of any possible

combination of operations and their precedeand following the student in any possible

8 www.carnegielearning.com
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correct path of the solution space tree. In other words, they are not designed to deal with
the scalingup problem(Aleven, McLaren& Sewall, 2009)
Another kind of pseudMTTs is the examplracing tutors (Algen, McLaren,
Sewall, & Koedinger2009)under developmerat Carnegie Mellon UniversityThere are
two websites that provide examglacing tutors for middkschool mathematics: the
MathtutoP website(Aleven, McLaren & Sewall, 2009) andthe Assistment§ website
(Razzaq, Feng, Nuzziones, Heffernan, Koedinger, Junker et al. 20B%ampletracing
tutors have a very narrow andaflbw, exercisespecific domain expertise model. They
offer considerable reduction in development time but are awgmefaway from dealing
with the scalingupissue
ActiveMah’ is another welbased intelligent tutoring system for mathematics
( Me |l i s, Ndfembdnder, &rischd&if, Goguadze, Libbrecht et al. 2001). The systems
aims mainly for adaptive guidance and presematib mathematical content based on
ontological representation of mathematical concepts, learning goals and acquired
knowledge. However, when it comes to problsoiving skills, ActiveMath offers mainly
multiple choice questions and some more interactiezagses. In these, the system does
not guide the student along a solution path. It uses the external Computer Algebra
Systems (CAS) to simply check the correctne
system completely avoids the hard problems of hodeing, that is, generating the
correct solution(s) at each step, comparing

providing feedback.

9 https://mathtutor.web.cmu.edu/
10 www.assistments.org

7 www.activemath.org

8 www.aplusix.com
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2.4 Related Work

Aplusi®¥ is an Algebra Learning Assistant. After several years of research
(Nicaud, Bouhineau, & Chaachou)04), it is now a commercial product. It covers the
domains of arithmetic calculations, expansion, simplification and factoring of algebraic
expressions, solution of polynomial and rational equalities and inequalities. The system
combines features of microwds and Computer Algebra Systems. The student can type
an algebraic expression, suggest its domain (calculation, expamsiphfication,
factoring, solution) and enter the solution steps. At each step, the system checks the
st udent 6 equivalene using dnapded transformation rules. As a result of this
type of checking, the system only suggests if the expression entered by the student is
correct or incorrect, without any further feedback about the error committed. However,
the student can ask feuggestions about the possible operations that he/she can perform
and can also ask the system to perform them. We could say that the resulting tutoring
model is almost equivalent with that of the MATHESIS tutor though lessgfiai@ed. In
unusual situatlks , t hi s can | ead the Aplusix system -
For example, the expressiopw @ w @ w is correctly expanded and
simplified by changing the signs of the parenthesized terms@d ing ® ¢
Cw p ¢However, a student can arrive at the correct result by making the same mistake
twice, that is, not changing the signs b in the first parenthesis and ofw in the
second one, as iIMW @ ® @ W Cw p ¢ Moreover, the Aplusix system has
considerable limitations to the kind of expressions that it can fagignomial
expressions in one variable and degree no highar4har in two variables and degree at
most 2. It cannot handle expressions likew ¢ Q@ ,® W, ® O G or

TOw X T Y
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As far asthe authoknows, the MATHESISAIlgebraTutor is unique with regard
to thecombineal breadth and depth of its domain expertise model as well as the intelligent

task recognition feature.

2.5EVALUATION OF THE MATHESIS SYSTEM

The MATHESIS Algebra Tutoris a research prototype, performamceented,
domain expert system with emphasis oa #icaling up problentThe tutor is part of the
MATHESIS project, which aims at the development of authoring tools for real world
modettracing math tutors. Therefore, the MATHESIS Algebra Tutor and the
MATHESIS tutoring school built around it were designed become part of real

educational settings. For this reason, the following factors were taken into consideration:

1) Teaching performancdn order for an intelligent system to be used by teachers and
students, ishouldcontribute toobservablepositive learning outcomes. Besides any
kind of scientific evaluation, teachers and students must feel and sassitigithe
systemhelpsstudents learmore effectively It has been shown that modedcing
tutors do produce considerable learning outcomesnly because of their domain
expertise model@Corbett 2001; Ritter, Kulikowich, Lei, McGuire, & Morg&®07)

In this work a holistic approachwas adopted developing a deep model of a
sufficiently broad domain in mathematics with intelligent task recognéiwh deep
modettracing.

2) Usability: Thisfactoris multidimensional, with the most important dimensions being:
a) Easy to learn and use interfa€are has been takén keep the user interface as

simple as possiblé given the complex task of teaching tthhis interface must

perffoomiand as c¢cl ose as possible to the
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2.5 Evaluation of the MATHESIS System

teachers, tis meansfollowing the dayto-day workflow of selecting, assigning

and assessing exercises. For the studesifsit has been mad® keg the
problemsolving procedure as close as possible to the pen and paper paradigm
without losing the benefits of a digital environment.

b) Easy access to the system. The MATHESIS system is web based and therefore
accessible anytime from anywhemgovidedthere is an internet connection. In
addition, it has minimalequirementsn hardware and connection speed.

3) Scalability The set of exercises that the tutor is able to teach has to be of considerable
breadth and depth. Limiting the set of supported exeréssa major factor of system
rejection by the teachers. Teachers must be given the flexibility to choose exercises of
different complexity and difficulty levels in order to accommodate the varying levels
of competence of t hei r and broaad domairs experise e sy st
model in conjunction with the intelligent task recognition system covers a

considerable set of exercises.

2.5.1 Evaluation by Teachers

The system has been demonstrated to real math teachers, both thrsitghioe
presentatins and through invitations to use it online. The most extensive evaluation of
the system was held in ¥ Pantelepi®Cotference ®® wor k s
Digital and Web Applications in Education, held in Naoussa in April of 2010

(http://hmathial0.ekped.grThe purpose of the workshop was to teach math teachers the

use of the system and investigate their attitude towards adopting the system in their

everyday teaching. More specificallihe authorwantedto investigate their opinions
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regarding the following system featureghich we consider the most decisive for the
adoption of the system by a broad group of math teachers:
1 Theusabilityof the system.
1 The ability to create their own exercises and assigmtto individual students.
1 The teaching performance of the system, particularly the depth and granularity of
the domain model.

1 The value of the fingrained student model for their assessment tasks.

Forty (40) math teachers in secondary education paated in the workshop.
Most of them were young, around 30 years old,-elfivated and positive in using
computer programs for math teaching.

First, the teachers used the LMS to sign up, create students and enroll them to
classes. Then, they used the Briptest papers to assign exercises to their students. They
have actually assigned one exercise for each one of the -1&v&dskills covered by the
tutor as well as a few exercises with combinations of these skills. The teachers spent most
of their time solving the assigned exercises as if they were students. They were also
instructed to make deliberate mistakes to t
instructed to inspect the student model between the solutions of the exercises to see how
this model was dynamically updated by their performance as students.

After using the system, the teachers filled in a short questionnaire. The questions
and the teachersd an5bvelhese gaestions ard mvadimect i n T a |
correspondence with the agonentioned system featurdé® author wantetb evaluate.

Thirty five teachers (87.5%) found the system easy or fairly easy to use (Question
1). Thirty two teachers (80%) agreed that it naturally follows the shod longterm

tutoring tasks workflow (@Qestion 2). Twenty eight teachers (70%) appreciated the
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2.5 Evaluation of the MATHESIS System

freedom provided by the system to create their own work papers with their own
exercises, as well as the ability fiodividualizedassignment of exercises (Questions 3

and 4). Thirty two teachers (8Q%ound the fine grained student model unique and

decisive when it came to assessment. However, five teachers (12.5%) considered that it

might be too finggrained for welperforming students. Three teachers (7.5%)
complained that this stepy-step guidane of the modetracing algorithm could be too
authoritative and restri ct i vcenfidente (Questiondev el op
5). All forty (40) teachers were impressed by the husiea stepby-step guidance gan

to the student by thesysteamnd t he abil ity to see the stude
6 and 7).

Table2.5. Evaluation results given by forty (40) math teachers after a-ffin@ehands
on workshop (questions are translated from Greek)

Questions Answers

1. You find the overalluse of Easy Fairly Easy| Fairly Hard Hard

the system... 31/40 4/40 3/40 2/40
(77.5%) (10.0%) (7.5%) (5.0%)

2. How well does the Learnin  Very much Much Quite well | Not at all

Management System fits yo 19/40 13/40 8/40 0/40

day-to-day teaching tasks? (47.5%) (32,5%) (20.0%) (0.0%)

3. You find the ability to creat( Very Important| Important | Indifferent | Useless

your own exercises as... 18/40 10/40 12/40 0/40
(45.0%) (25.0%) (30.0%) (0.0%)

4.You find the ability to assig| Very Important | Important | Indifferent | Useless

different exercises to differer 18/40 10/40 12/40 0/40

students as... (45.0%) (25.0%) (30.0%) (0.0%)

5.Do you think that the level ¢ Excessive Normal Inadequate

analysis for the solution stej 8/40 32/40 0/40

proposed for each operation is (20.0%) (80.0%0) (0.0%)

6.How would you characteriz Very Important | Important | Indifferent | Useless

the stepby-step guidance of th 40/40 0/40 0/40 0/40

student? (100.0%) (0.0%) (0.0%) (0.0%)

7. How would you characteriz Very Important | Important | Indifferent | Useless
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the ability t 40/40 0/40 0/40 0/40
solution steps regarding his/h (100.0%) (0.0%) (0.0%) (0.0%)
assessment?

2.5.2 Evaluation in a Real Classroom

In late 2011 the system was also used and evaluated for three monttisrih a
grade class (ages -14) of 20 students in a junior high school at the town of Drama, in
northern Greece. The purpose of this evaluation was to integrate the use of the system in
the normal, daily, official educational practice and investigate theving features:

1 The usability of the system.

T The studentsod6 attitude towards the tutor.i

the finegrained, stefby-step guidance provided by the system.
1 The affective impact of the system to the students, paatiguthe impact on
frustration and fear during the solution of exercises.

1 The potential raise of student performance.

Mathematics in this grade is taught four hours a week using the textbook,
blackboard lessons and worksheet practice both in classroonatahdme. Inthis
evaluation three hours were taught in the traditional way using blackboard lessons and
wor ksheet practice. The fourth hour, was
where students used the MATHESIS system. Some of the studentsatbthe system
from their homes for extra practice. The system was evaluated by the students for its
usability and tutoringghaviorusing short questionnaires (Taldé). The results of the

student sé evaluation ar e:

Usability: 85% of the students fourtde system easy to learn and use, while the rest 15%

found it fairly easy to learfQuestion 1)In practice, the first group of students
70
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(85%) needed one or two 4Binute sessions with the system to get fully

2.5 Evaluation of the MATHESIS System

acquainted while the second group (15%) neeldext or four sessions.

Tutoring performance75% of the students said that the guidance and assistance they got

from the

system was si

mi |

ar

t o

t he

the help and guidance of the system too detailed and fimeedr@uestion 2)

human

These studentwerethe best performing ones and they proposed that the system

shoul d all

Affectiveimpact 85% of the students replied that the use of the system helpeddhem t
overcome the most common emotional problems they face with mathertfaics,
is, frustration and disappointme(@uestion 3) The reasons are that they have the

time they need to think75%), they get stepy-step guidance (65%), they have

ow

t he

studen

t to

skip

S o0ome

the freedom tdry the solution steps they think corr¢66%)and make mistakes

(90%) (Question 4)

Table2.6. Evaluation results given by twenty (20) students after a-thoegh period
(questions are translated from Greek)

Questions Answers
1. You find the overalluse of Easy Fairly Easy| Fairly Hard Hard
the system... 17/20 5/20 0/20 0/20
(85.0%) (15.0%) (0.0%) (0.0%)
2. How would you characteri Too detailed Natural Inadequate
the stepby-step guidance of th 5/20 15/20 0/20
tutor? (25.0%) (75.0%) (0.0%)
3. Youfind that your frustratior] Bigger Equal Lower
when you solve an exercise wi 2/20 1/20 17/20
the tutor is... (10.0%) (5.0%) (85.0%)
4. Which do you think are th Adequate time | Freedom to| Stepby- | Ability to
most important advantages f to think make step try
you when using the tutor 15/20 mistakes guidance | possible
(multiple answers) (75.0%) 18/20 13/20 solutions
(90.0%) (65.0%) 16/20
(65.0%)
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Cognitive performancel t i s t bedief trauthehmmst nportardttribute of an
intelligent tutorng system is its cognitive performandeat is,its ability to build
deep, longerm and transferable knowledgethi n t he student ds mi
cognitive performance of the MATHESIS Algebra Tutor was specificaijete
in the domain of factoring, usingné methods oEommon factor and identities
difference of squaresd W W 0w w, square of sumw CWW
W @ o andsquare of differenc&@ cwwW ® W W . The students
were initially taught this subjedor six weekswithout using the system at all.
After this period,the studats completeda test to assesnasteryof the subject.
Then, the students used the MATHESIS systemtwo weeksto solve all the
relevant exercises provided by the syst&ome of these exercises can be found
in: Figure2.17, exercises 1, 2, 3 and 4; Figl2.16, exercise 15; and Figu18,
exercise 9Right after they had completed these exercises, they took agsbst
with exercises similato thoseof the pretest.The results are showin Table2.7.
There, thepréd est it ems ar e ilepmosttest iterds ate ylendtedr e 0 , w
by APosto. In the |l eft column four pairs
pretest and the podest exercises are shown. The next three columns show the
elementary math skills needed to correctly perform eachrfagtonethod. For
each skill, the percentages of students who performed it correctly are shown both

for the pretest and postest exercises.
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S e

Table27. Studentsodé performance ri
Exercise 1 Math Skills
Pre: Recognize Calculate
eOw 00 W W W Calculate Quotients
OWUWEW W O Common Factor Common Factor inside the
Method .
parenthesis
Post: Pre Post Pre Post Pre Post
ww TOWw pEO=
TOW W p OW 85% 90% 65% 85% 70% 80%
Exercise 2 Math Skills
Pre: Recognize
T Yp Difference of
ccf) w Squares Method | Find the Squares ﬁgg%itt:;e
C W CW W e ¢
[ ] q [ q
Post: Pre Post Pre Post Pre Post
W W=
g LW 85% 95% 50% 65% 60% 80%
0O UW 0 LW
Exercise 3 Math Skills
Pre: Recognize Square| _.
O W W of Sum Method Find the Squares Apply the
0 ¢ ow ° ® ¢« « andF;[hedDotuble Identity
w ow ) [] roduc
Pre Post Pre Post Pre Post
Post: B .
G ‘pcg)‘g;@@ ob | 5% | O5% | 50% | 65% | 60% | 80%
e PR
Exercise 4 Math Skills
Pre: Recognize
O PYp Difference of
® (%) Squares Method | Find the Squares Apply _the
- v Identity
O W o ¢
N WO oW o e « o «
Pre Post Pre Post Pre Post
Post:
PO W 9/20 12/20 7120 11/20 7120 9/20
T w 45% 60% 35% 55% 35% 45%
T O J1T ®
T w O¢ W 4/20 9/20 4/20 6/20 3/20 6/20
T ® J¢ ®IcC 20% 45% 20% 30% 15% | 30%
(419 (9112 (a7 (6/11 (317 (6/9
44%) 75%) 57%) 55%) 43%) 67%)
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CHAPTER 2: THE MATHESIS ALGEBRA SCHOOL

Exercise 1 is a common factor method. Exercises 2 and 3 correspthelthree
different identities mentioned above. Although they seem to share some identical sub
skills, like the AFind squaridettifyo agao AAppl y
@ @ o is more demandinghe student ha® verify thatthe third term is actually
the double product of the two squares and take into account the sign of the double
product. The similar success percentages in Exercises 2 and 3 do not reflect these subtle
differences in the application of these identitiEgercise 4 is a more complex one. First,
the termw is a square of a square that ®, . Second, after the first application of the
identity @ W 0w o, the term 1  , which is also a difference of
squares, appears. These two difficulty factors significantly reduee siliccess
percentages. In the ptest only nine students (45%) recognized that @ and of
these students, only four (20%) factored the term w . The corresponding results for
the posttest (60% and 45% correspondingly) are conshllgnaised but still remain low.

It is the authads opinion that his comparison further supportee empirical
observation that in mathematics there are-indumtive practical differences in what are
formally ni denti cal t a sidn sob the shnte taske(squese t h a't
recognition) in a more complicated expression, like demands the recall and
appl i cat i on -sklf likétdeecoreperpresseddytbhe formala @ . 1In
turn, this fact supports the necessity for broader and deeper models in intelligent tutoring
systems. In any case, the resuit3able2.7 show a considerablgerformance risegiven
the limited time of two weeks that the students had in their disposal for using the

MATHESIS system
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2.6DIscuUssION AND FURTHER WORK

The MATHESIS system and especially the MATHESIS Algebra Tigoa
successful proebf-concept system. The basic research hypothesis of the MATHESIS
project is that, in order to build successful intelligent -keatld tutoring systems, we
must build powerful domain expertise models. The engineering of such broatkemd
models has to overcome the common obstacle of all expert systemsaiveedge
acquisition bottleneckthe extraction of the expertise from domain experts and its
representation in efficient ways. In the domain of knowledge engineering, the most
profitable solution up to now i&knowledge reusewhich is achieved through open,
modular, interchangeable, inspadtle, formal knowledge representations and system
implementations (Aitken & Sklavakis 1999). Equally important, the models must be deep
and brod, having a wide basis of low level knowledge about simple task performance,
on top of which is built the knowledge for performing higher level domain tasks.
Otherwise, models atarittle (Lenat & Guha 1990), performance is limited, scaling up is
intractatbe and the systems fail tmpe with realworld demandsTheauthorbelieves that
the MATHESIS Algebra Tutor incorporates all these characteristics that make it a
successful realvorld intelligent tutoring system.

Of course, the system is an experimentatqtype and more evaluation is needed.
The teachers that took part in its evaluation weremelivated and enthusiastic about
the use of technology in education. Also, they did not use the system for a long period of
time in their everyday teaching desi and they were under direct supervision when they
met any difficulties in using the system. Therefore, more evaluation is needed before the

system is ready for widespread use by a broad group of teachers. As for the learning
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outcomes, a comparison groapstudentsvas not used. The reason is that the system is
designed as an additional learning aid and not as a&@®ined teaching method. In
addition, the system was evaluated only in the domain of factoring and not the whole
domain that the system wers. Finally, a feature of the system that has not been
adequately evaluated is its figeained student model and the possible benefits of the
detailed information it provides to both students and teachers.

In order to further investigate the reusabibtyd expandability of the system, one
could try to extend its domain model to teach algebraic operations of rational algebraic
expressions. To simplify rational expressions, a student should make full use of the
operations already taught by the MATHESISgéibra Tutor. Implementing such a
demanding task will be the best test for the knowledge reusability and implementation

extensibility of the MATHESIS system.
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Chapter 3: The MATHESIS Meta-Authoring Framework

3.1INTRODUCTION

The MATHESIS tutor forms a challenging landmark for existing authoring
frameworks and their authoring tools, for the following reasons:

ayTo the best of the aut hor 6-Facitigrilgeblae d g e ,
Tutor able to teach the expansion and factoahgny algebraic expression that
containsany combination of the math skills (algebraic operations) covered by the
MATHESIS tutor.

b) None of the Algebra Tutors created so far features real time problem analysis,
solution and tutoring.

c) Supported by its intatient task recognition feature, the MATHESIS tutor can be
expanded with other algebraic operations like rational expressions, equations of

first and second degree as well as rational equations.
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d) Current authoring frameworks and their authoring tools carsugport the

authoring of such a tutor.

Despite the efforts, advancements and successes in the currently developed
authoring frameworks and the corresponding tutors, these frameworks have worked
around the knowledge acquisition problem rather than cotwfig it directly. As a
consequence, most of the developed tutors suffer from limited depth and breadth,
whereas those having broader and deeper domain expertise models suffer from scalability
issues. This is the motivation to deal directly with the kndg#eacquisition problem in
order to produce tutors that cover broader and more complex domains in a scalable way.

The rest of the chapter is structured as follows: Section 3.2 presents the
background of the thesis work consisting of an overview of the-stdaheart in
authoring frameworks, the tutors produced and how they suffer from the knowledge
acquisition bottleneck, coupled with a description of how the MATHESIS -meta
authoring framework provides the means to deal with this problem by using ths ofsul
research in the ontological engineering field. Section 3.3 presents an overview of the
MATHESIS metaauthoringframework Section3.4 describegshe key characteristioof
the framework OntoMath , a metaknowledge engineering language for the
represatation of procedural authoring knowledge within the MATHESIS ontology as an
executable authiing model.Finally, Section 3.5resentshe MATHESIS authoringand

metaauthoringtools
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3.2 Backgound

3.2BACKGROUND

This Sectiorpresentsan overview of the statef-the-art in authoring frameworks
and the tutors produced, focusing on the knowledge acquisition bottleneck issué. Then
shows how the MATHESIS metauthoring framework provides the means to deal with

this problem.

3.2.1 Related Work

The most successful diwidely used math MTTs are Cognitive Tutors developed
by Carnegie Learniri@, based on more than twenty years of cognitive science research at
CMU (Koedinger & Corbett, 2006)Cognitive Tutors are now an integral part of
complete curricula used in hundreafsmiddle and high schools throughout the United
States. Cognitive Tutors have to adapt to very strict guidelines and educational goals of
the US educational systerthusthey are not designed to fatiee breadth, depth and
scalability issuesinstead, thy follow the textbook by teaching specific exercises that
train the students in specifisimplecognitives ki | | s t hat do-skilld cont ai
Each problem has its own simple cognitive model and interface. Therefore, there is
actually a set of inebendent tutors and not one tutor with a common cognitive model and
interface. Concerning their scalabilitthe set of anticipated steps for a problén
precomputedby solving the problem in all acceptable ways by running abased
problemsolver (VanLehn, 2006). Carnegie Learning uses a proprietary authoring tool,
the Cognitive Tutor SDK (Blessing, Gilbert, Ourada & Ritter, 2009), which supports the
development of cognitive models based on the ACT Theory of cognition (Anderson,

1993). Problem solvingtates are represented by a hierarchgaafinodeinstances with

11 www.carnegielearning.com
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their propertiesand values, while problem solving steps are represented by a hierarchy of
predicates that operate on the goalnodes. No information is given on how broad and deep
these cogiive models can be or if they can be reused between the various tutors
developed.

A publicly available set of authoring tools for Cognitive Tutors are the Cognitive
Tutors Authoring Tools (CTA®) developed at the HumaDomputer Interaction
Institute of Canegie Mellon University (Aleven, McLaren, Sewall, & Koedinger, 2006).
After 7 years of use, CTAT is the most mature and widely used authoring tool. It supports
two types of tutors, cognitive tutors, which were described abovegxardpletracing
tutors (Aleven, McLaren, Sewall, & Koedinger, 2009). While cognitive tutors have a
cognitive model, implemented as a set of production rule3es$3, exampletracing
tutors have a figeneralized exampled of the
as a ifidrehgrvapho, an acycl i c grsavndstaehand e node
links represent problersolving steps. Exampligacing tutors are authored using a
programmingby-demonstration technique by creating initially a tutor interface for the
targetedproblem type through dragnddrop techniques, then demonstrating through this
interface the problembés solution and final/l
resulting behavior graph. In the case of cognitive tutors, the last step demands the
devebpment of the cognitive model implemented as production rules in Jess by Al
programmers.

ASTUS“ is a framework for domain independent medel aci n g tut or .

development. It is designed to provide a knowledge representation language for the

12 http://ctat.pact.cs.cmu.edu
13 http://www.jessrules.com
14 http://astus.usherbrooke.ca
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development of th cognitive model richer than that of CTAT (Paquette, Lebeau, &
Mayers, 2010). The purpose is to model domains from a pedagogical perspective rather
than a cognitive one, allowing experimentation with varied pedagogical stratégess.
framework is relatiely new and the authoring language is not yet fully developed, with
only a few tutors implemented and no authoring tools developed.

ASPIRES® is an authoring framework for the development of constralresgd
tutors (Mitrovic, Martin, Suraweera, Zakharov,|Mj & Hooland, 2009). These tutors do
not wuse a cognitive model t-hy-step bamis, butthely e st ud
are equipped with a set of constraints that describe the forms of correct solution(s) for the
tutored problem. In a companati study between modahcing and constrairfiiased
tutors (Mitrovich, Koedinger , &lodstaacingi n, 200 :
is an excellent choice for domains where appropriate problem solving strategies are
well-defined, and where comprefsve feedback on them is desirable. On the other
hand, CBM offers a workable alternative when such strategies are not available or
appropriate, or there is too little time or resources to build a ma@eing knowledge
base . Ther ef or e, e breadth amddddepthi issue, constrbetted tutors
cannot provide the granularity necessary for, e.g., an algebra tutor.

Whenever there is need for a broad and/or deep cognitive model, authors usually
start from scratch and fall back to customized solstionvo such examples are the
Andes® physics tutor (VanLehn, Lynch, Schulze, Shapiro, Shelby, Taylor, Treacy,
Weinstein, & Wintersgill, 2005) and the Visual Classification Tutoring Framework

(VCT) (Crowley & Medvedeva, 2006).

15 http://aspire.cosc.canterbury.ac.nz
16 http://www.andestutor.org/
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Andes contains 356 physics plelms (mechanics, electricity and magnetism)
sol ved by a knowl edge base of 550 physics
principleso, olnidkel aNewtonds mAag, as well as
mathematical and common sense justifiers. The creation and maintenance of such a
broad, deep and granular cognitive model raises drastically the demands in expertise and
time resources (VanLehn et &005). As far as it concerns the development time, Andes
itself took five years to be built, while its development was based on the Cascade
(VanLehn, 1999) and Olae (VanLehn, Johnes, & Chi, 1992) projects. Finally, there were
significant scalability prol@ms, since in order to add a new rule to the cognitive model
authors should renspect the whole model! (VanLehn et al., 2005)

The same findings hold for the Visual Classification Tutoring (VCT) framework,
which generally supports the development of ®itdor visual classification, but
specialises in medical domains like radiology, haematology and pathology. The
framework makes the best provision for accommodating broad, deep, granular and
scalable cognitive models by using ontologies to represent selgagaheric models for
the domain modethe task model and the pedagogic model. This generic framework was
used to develop SlideTufora modelracing tutor for a sudomain of inflammatory
diseases of skin, covering 33 diseases with 50 different diagrieatures. Once again,
the expertise and time costs are high: an expert pathologist in cooperation with a
knowledge engineer must annotate each diagnostic case with the contained disease and its
diagnostic features. Based on this information, the taskehproduces dynamic solution
graphs that guide the student in his/her diagnosis.

The use of ontologies arsemantioveb services in the field of ITSs is relatively
new. Ontological engineering is used represent learning conterdrganize learning

repcsitories enable sharable learning objects and learner medelfacilitate the reuse
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of content and toolgDicheva, Mizoguchi, & Greer, 2009). Examples of intelligent
tutoring systems that use ontologies aetivemath( Me | i s, Ndemkemders , B
Frischauf, Goguadze, Libbrecht et al. 2001), which uses ontological representation of
mathematical concepts, learning goals and acquired knowledge,Skotelutot’.
However, these are intelligent tutoring systems and not authoring systems.

An ontologybased autbring system for constraiitased tutors is ASPIRE
(Suraweera et al., 2009), which uses ontologies to define the concepts of the domain and
then, based on these definitions, to provide the constraints for possible solutions used by
the authored constratmased tutors.

The most relevant work to the MATHESIS framework is the
OMNIBUS/SMARTIES project (Mizoguchi, Hayasi, & Bourdeau, 2009)The
OMNIBUS ontology is a heavweight ontology of learning instructional and
instructional design theories. Based the OMNIBUS ontology, SMARTIES (SMART
Instructional Engineering System) is a theaware system that provides a modelling
environment and guidelines for authoring learning/instructional scenarios. While the
OMNIBUS/SMARTIES system provides support mainly fine design phase of ITS
building, the MATHESIS framework aims at the analysis and development phases. It
provides a semantic description of both tutoring and authoring knowledge of any kind of
tutor in the form of composite processes and the way to centbhem as building blocks
of intelligent tutoring systems. Thus, it provides the ground for achieving reusability,
shareability and interoperability.

Although ASPIRE and OMNIBUS/SMARTIES are ontolebgsed authoring

systems, they differ from MATHESIS frawork being a metauthoring system. These

17 http://slidetutor.upmc.edu/
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systems provide specific authoring programs that ustatac ontological representation
of tutoring and authoring knowledge to buildggecifickind of tutors. The MATHESIS
framework provides metauthoring toolsand an authoring language for expert authors to
write authoring programs in the form of executable G®/authoring processes. These
authoring programs can then b&ecutedby the authoring tools to guide less expert
authors in generating the ontologicapresentation adnykind of tutor. This ontological

representation of the tutor can then be translated to program code.

3.2.2 Ontological Engineering and the Knowledge Gap Problem

The approach adopted in this thesis combines the research in the field of
authoring tools for ITSs with the field of knowledge engineering tools for knowdedge
based systems. This line of research starts with the first attempts to define reusable
problemsolving knowledge through the introduction of the concept&erferic Tasks
(Chandrasekaran, 1986) ahduristic classificationClancey, 1985). It continues with
the concepts ofask ontologiegMizoguchi, Vanwelkenhuesen, & lkeda, 1995) and the
development of knowledgaodelingframeworks like the MULTIS project (Mizoguchi,
Vaowe |l kenhuesen, & |1 keda, 1995) , the Prot®g®
KADS (Wielinga, Schreiber, & Breuker, 1992) and CommonKADS (Schreiber, et al.,
1999) projects. The latter introduced the concept of Problem Solving Methods (PSMs).
With the energence of the Web, the necessity for representing and depP$iMgin a
shareable and reusable way led to their semantic (ontological) representation as Web
Services. The ultimate goal is the development of knowledged systems from

reusable knowlege components found on the web, a task knowmawematedweb
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service compositiariVarious frameworks with web services description languages have
been developed, OWS being one of them. Although it is not an immediate intention of
this thesis to view ITSauthoring as a web service composition task, it sets the
foundations, focusing on the shareability and reusability of authoring and tutoring
knowledge provided by OWE.

Based on the success of the ontological engineering approach in the domain of
expertsystems (Aitken & Sklavakis, 1999; Lenat, 1995; Sklavakis, 1998), as well as in
the domain of intelligent tutoring systems ( Mizoguchi, &y, & Bourdeau, 2009wo
researclgoalswereset

I. the complete ontological representation of a madaingtubr 6 s modul es, t
is, the user interface, the tutoring model, the domain expertise model and the
student model,

ii.  the complete ontological representation of the authoring knowledge that was used
to build these models, and

iii.  the extensive use of standardizadguages and publicly available modular tools.

For thesereasos, a bottomup approactwas adopted: Initially, the MATHESIS
Algebra Tutor was developed to be used as a prototype target (Btdavakis &
Refanidis, 2008)Then, based on the knowledgesdgo develop the Algebra Tutor, an
initial version of the MATHESIS ontology has been developed using the Ontology Web
Language- OWL!8 (Sklavakis & Refanidis 2009155klavakis& Refanidis, 2010). As
this first version of the ontology was developed in @dmtup direction, it emphasized

on the representation of the tutorodés model s

18nttp://www.w3.0rg/TR/owdfeatures/
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expertise models. The ontology also contained a representation of the authoring
knowledge at a rather conceptual level. At the finalestaghe project, the generic meta
authoring tools were developé8klavakis & Refanidis, 2034 These tools include:

I.  An executable authoring languagentoMatH, based on the process model of
OWL-S!9,

ii.  editing tools for the development obntoMaTH executble authoring expertise
models, that is, an ontological representation of the declarative and procedural
authoring knowledge, and

iii.  an interpreter for executing timtoMatH authoring models.

Using these tools, an authoring models builtthat, when exeded, builds the
ontological representation of a modeicing monomial multiplication tutor identical to
the one contained in the original Algebra Tutor. In parallel, authoring tools for the
development of modedlacing tutorshave been developedhese tols are used to
support the metauthoring tools in the development of the executable authoring model
by automating some telvel authoring processes of the MTT under development and
providing visualisation and browsing facilities for the inspectioneftht ut or 6 s devel

models.

3.3AN OVERVIEW OF THE MATHESIS META-AUTHORING FRAMEWORK

The MATHESIS framework is mainly a mekaowledge engineering framework.
It is well known that knowledge engineering is knowledge of how to extract preblem
solving knowedge from domain experts, represent this knowledge in a suitable format

and implement a system that uses this knowledge to solve problems like a human expert

19 http7/www.w3.0org/Submission/OWAS/
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(Aitken & Sklavakis, 1999; Lenat, 1995; Sklavakis, 1998). In the case of authoring
systems for IBs, a metauthoring framework should enable knowledge engineers
(metaauthors) to extract authoring knowledge from expert authors, that is, cognitive
scientists and programmers (Artificial Intelligence or general purpose); represent
authoring knowledge ima suitable format; and implement a system that uses this
knowledge to guide authors of lower levels of expertise to build tutoring systems. To
achieve these three objectives, the MATHESIS raethoring framework adds
semantic levebn top of the knowlége level of each authoring framework (Figure 3.1).
Its purpose is to represent declaratively (ontologically) the authoring expertise used to
build ITSs, now lying partially unexpressed into the heads of authoring experts and
partially expressed into thes@oring tools, as well as the authored tutoring knowledge
hardwired into the ITSs themselves.

The key point of the proposed framework is tbatological declarative
representatiorof these two kinds of knowledge. At the same time, and that was the most
challenging problem, these declarative representations should also be executable. More
specifically, the deployment of the framework is done in the following stages (Figure 3.1,
bottom to top):

1. A knowledge engineer specialized in the MATHESIS frameworktgraethor),
extracts the authoring expertise from the domain experts, that is, cognitive
scientists and Al programmers. The expertise must cover all stages of ITS
developmentthat is, analysis, design and implementation. This constitutes a
crucial difference between the framewaespecific authoring tools described in
the previous Section and the objectives of the MATHESIS framework: the former

support parts of the ITS development stages, usually leaving out the most difficult
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ones like the analysis stagehile the latter allows metauthors to encode
authoring knowledge of any stage.

2. Using the metauthoring tools, the metuthor creates an executable ontological
model of the extracted authoring knowledge, d¢horing expertise modeThis
model contais authoring processes olToMaTH, a special purpose language
developed within the frameworkontoMatH defines two kinds of authoring
processes: (a)composite authoring processesvhich correspond to the
functions/procedures of a programming language aadepresented using the
process model of OWIS, and (b)atomic authoring processewhich correspond
to the statements of a programming language. When the authoring model is
executed by a neexpert author (e.g. domain expert), txeromatH interpreter
exxcutes them by calling corresponding Ja
API to guide the nomxpert author in building the ontological representation of
the ITS models (cognitive, tutoring, interface) into the MATHESIS ontology.
Therefore, the autiting processes are the semantic representation of the
frameworkspecific authoring tools.

3. The ontol ogi cal representation of the | T
interface) contain both declarative and procedural knowledge. An example of
declaréive knowledge would be the interface structure (interface model) or the
problemsolving concepts and stages of the cognitive model. An example of
procedural knowledge would be the matteking algorithm (tutoring model) or
the problemrsolving steps of th cognitive model. In the MATHESIS framework
these knowledge elements are defined by the -mdtsor as generic elements.
Declarative knowledge elements are defined using the common OWL structures:

classes, instances, properties and values. Proceduralleklymvelements are
9(
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defined using the process model of OML just like the composite authoring
processes described in stage 2. It is these generic knowledge elements that the
executed authoring processes act on, guiding theerpert author to create
spedfic-ones for the tutor under development.

4. The metaauthor may develop framewespecific (e.g. model tracing) authoring
tools to help himself develop the authoring model and theempert authors in
developing the tutor(s). These are mainly visualisatamis, although they can
also provide manual creation and editing of tigpecific knowledge elements
based on generic ones. This last facility aims at accommodating more expert
authors that can develop parts of the tutor directly, without executing the
corresponding authoring processes. A suite of such framespaific tools for
modettracing tutorhas been developed.

5. Having created the ontological representation of the tutor, theexypert author
can create its implementation by translating theological model to specific
programming languages. For example, in the case of the MATHESIS Algebra
Tutor, the interface model is translated to HTML and the cognitive and tutoring
models to JavaScript. These translations are performed automatically bgl speci
translation tools. In case of other target programming languages, we need to
develop its corresponding ontological representation as well as the translation
tool.

All stages are performed using the MATHESIS tools (Figure 3.2)
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The MATHESIS Meta-Authoring Framework (Semantic level)
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3.4THE ONTOMATH META-KNOWLEDGE ENGINEERING L ANGUAGE
The main component ahe MATHESIS authoring framewk is the MATHESIS
Ontology It contains three kinds of knowledge:
i.  The declarative knowledge of the tutor, such as the interface structurtdeand

problemsolving concepts and stages of the cognitive model
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ii.  the procedural kowledge of the tutor, such as the teaching and math domain
expertise models andnally,
iii.  the authoring knowledgéhat is,the declarative and procedural knowledge that is

needed to develop thetor.

3.4.1Procedural Knowledge RepresentationThe OWL-S Process Model

While the declarative knowledge is represented with the basic OWL components,
the procedural knowledge, both tutoring and authoring, is represented aotess
model of the OWLS web services description ontologyhrough OWL-S, every
authoring or tutoring tasis represented as anithoringor tutoringprocess, compositer
atomic

Using the OWLS process model to represent ontologically procedural
knowledge, like teaching, math problesolving or authoring knowledge, is the key
advanage of the MATHESIS framework that gives a new perspective in the development
of reusable authoring knowledge for intelligent tuto®WL-S is a web service
description ontology designed to enable the following tasks:

1 Automatd discovery of Web servicesthat can provide a particular class of
service capabilities, while adhering to some clgpeicified constraints.

1 AutomatdWeb service invocatiohy a computer program or agent, given only a
declarative description of the service.

1 Automatd Web servicesekction, composition and interoperation to perform

some complex task, given a hitgvel description of an objective.
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The last task is of interest for the MATHEStameworkand thereforehe focus
will be seton it. To support this task, OWS& provides, mong other things, a language
for describing serviceompositions as seen in Figure 3.3 (Martin et al., 2005). Every
service is viewed as@ocess OWL-S definesrocess as a subclass GkrviceModel. There
are three subclasses afrocess, namely the AtomicProcess, CompositeProcess and
SimpleProcess. Atomic processes correspond to the actions a service can perform by
engaging it in a single interaction. In the MATHESIS ontology they represent simple
statements, either tutoring or authoring, grounded toaSenpt or Java code
correspondingly. Composite processes correspond to actions that requirestepulti
protocols. In the MATHESIS ontology they represent functions, either tutoring or
authoring, that call other functions (composite processes). Finafhplesiprocesses
provide an abstraction mechanism to provide multiple views of the same process.
Currently, they are not used in the MATHESIS framework.

Composite processes are decomposable into other composite or atomic processes.
Their decomposition is a@ved by using control constructs suchsaguence Or If-Then-

Else. Table 3.1 shows the most common control constructs that-S\ipports.

Any composite process can be considered as a tree whosermomal nodes are
labelled with control constructs. Theaves of the tree are invocations of other processes,
composite or atomic. These invocations are indicated as instancesreftdie control
construct. This special control construct takes as a paramgteesa, either composite
or atomic. In the MAHESIS framework @&erform with an atomic process corresponds to
the execution of a statement, whereazrarm with a composite process corresponds to
calling a function. This trekke representation of composite processes is the key
characteristic of te OWL-S process model and has been used in the MATHESIS

ontology to represent both authoring and tutoring procedural knowledge.
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Fig. 3.3 Top level ofthe OWL-S processontology(from Martin et al., 2005)

Table3.1 Common control constructs supportgdthe OWL-S process model

Control Construct

Description

Sequence

A list of control constructs to be performed in order

Choice

Calls for the execution of a single construct from a given
of control constructs (given by the components prope!
Any of the given constructs may be chosen for execution

If-ThenElse

It has propertiesfCondition, then and else holding different
aspects of the {ThenElse construct

RepeaiwWhile & RepeatUntil

The initiation, termination or maintenance condition
specified with a whileCondition or an untilCondition
respectively. The operation of the constructs follows
familiar programming language conventions.
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